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Quantum coherence and quantum correlations are of fundamental and practical significance for the de-
velopment of quantum mechanics. They are also cornerstones of quantum computation and quantum
communication theory. Searching physically meaningful and mathematically rigorous quantifiers of
them are long-standing concerns of the community of quantum information science, and various faith-
ful measures have been introduced so far. We review in this paper the measures of discordlike quantum
correlations for bipartite and multipartite systems, the measures of quantum coherence for any single
quantum system, and their relationship in different settings. Our aim is to provide a full review about
the resource theory of quantum coherence, including its application in many-body systems, and the
discordlike quantum correlations which were defined based on the various distance measures of states.
2We discuss the interrelations between quantum coherence and quantum correlations established in an
operational way, and the fundamental characteristics of quantum coherence such as their complemen-
tarity under different basis sets, their duality with path information of an interference experiment, their
distillation and dilution under different operations, and some new viewpoints of the superiority of the
quantum algorithms from the perspective of quantum coherence. Additionally, we review properties
of geometric quantum correlations and quantum coherence under noisy quantum channels. Finally,
the main progresses for the study of quantum correlations and quantum coherence in the relativistic
settings are reviewed. All these results provide an overview for the conceptual implications and basic
connections of quantum coherence, quantum correlations, and their potential applications in various
related subjects of physics.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.Mn
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I. INTRODUCTION
Quantum correlations and quantum coherence are two fun-
damental concepts in quantum theory (Nielsen and Chuang,
2000). While quantum correlations characterize the quantum
features of a bipartite or multipartite system, quantum coher-
ence was defined for the integral system. Despite this obvi-
ous difference and as the different embodiments of the unique
characteristics of a quantum system, they are also intimately
related to each other which can be scrutinized from different
perspectives. Moreover, from a practical point of view, quan-
tum correlations and quantum coherence are also invaluable
physical resources for quantum information and computation
tasks (Nielsen and Chuang, 2000), hence remain research fo-
cuses since the early days of quantum mechanics.
The quantum correlation in a system can be characterized
and quantified from different perspectives. Historically, there
are various categories of quantum correlation measures be-
ing proposed, prominent examples include the widely-studied
Bell-type nonlocal correlation (Genovese, 2005) and quantum
entanglement (Horodecki et al., 2009). At the beginning of
this century, a new framework for quantifying quantum corre-
lations was formulated by Henderson and Vedral (2001), as
well as by Ollivier and Zurek (2001) in the study of quan-
tum discord (QD). Within this framework, an abundance of
discordlike quantum correlation measures were proposed and
studied from different aspects in the past years (Adesso et al.,
2016; Modi et al., 2012).
Quantum coherence, another embodiment of the super-
position principle of quantum states, is essential for many
novel and intriguing characteristics of quantum systems
(Ficek and Swain, 2005). It is also of equal importance as
quantum correlations in the studies of both bipartite and mul-
tipartite systems (Modi et al., 2012). Constructing a mathe-
matically rigorous and physically meaningful framework for
its characterization and quantificationwas a main pursue of re-
searchers in quantum community, as this is not only essential
for quantum foundations, but can also provides the basis for
its potential applications in a wide variety of promising sub-
jects, such as quantum thermodynamics (Gour et al., 2015;
Lostaglio et al., 2015a,b; Narasimhachar and Gour, 2015),
reference frames (Bartlett et al., 2007), and quantum biology
(Lambert et al., 2013).
Coherence is a main concern of quantum optics historically,
and it was usually studied from the perspective of phase space
distributions or multipoint correlations. Instead of reviewing
these approaches, we focus on the recent developments about
quantitative characterization of coherence (Baumgratz et al.,
2014), the essence of which is the adoption of the viewpoint
of treating quantum coherence as a physical resource, just like
the resource theory of entanglement. A big advantage of this
approach is that the related resource theory of entanglement
can be adapted for introducing similar measures of quantum
coherence (Horodecki et al., 2009).
The geometric characterization of quantum correlations in a
bipartite system have been studied extensively in the past five
years, with the corresponding measures being defined based
on various (pseudo) distance measures of two states. The cen-
tral idea for this kind of definition is that the distance between
the considered state and the state without the desired prop-
erty is a measure of that property (Modi et al., 2010). The
similar idea can also be used to characterize quantum coher-
ence of a system, and along this line, many quantum coher-
ence measures have been proposed. We will review these co-
herence measures and show their interrelations with quantum
correlations. Moreover, we will also discuss the other major
progresses achieved in studying fundamental problems of ge-
ometric quantum correlations and quantum coherence, their
dynamics under noisy quantum channels, and their applica-
tions in the study of many-body systems.
During the preparation of this review, we became aware of
another nice review work by Streltsov et al. (2017a). Though
seemingly discussing a similar topic, our concerns are differ-
ent. Streltsov et al. (2017a) reviewed the resource theory of
coherence, while our concerns are quantum coherence, quan-
tum correlations, and their intrinsic connections. In our work,
besides presenting a comprehensive view of the main devel-
opments of quantum coherence and quantum correlations, we
try to summarize and reformulate some calculations scattering
in a large number of literature. In particular, we have also re-
viewed in detail the main progresses for the study of quantum
correlations and quantum coherence in the relativistic settings.
We hope that this reviewmay be useful for both beginners and
seniors in quantum information science.
This review is organized as follows. In Section II, we first
briefly recall the framework for defining QD and the seminal
measure of QD defined via the discrepancy between quantum
mutual information (QMI) and the classical aspect of correla-
tions. Then, we present in detail the recently introduced ge-
ometric quantum discords (GQDs) and measurement-induced
nonlocality (MIN) defined by virtue of various distance mea-
sures of quantum states, e.g., the Hilbert-Schmidt (HS) norm,
the trace norm, the Bures distance, the Hellinger distance, the
relative entropy, and the Wigner-Yanase (WY) skew informa-
tion. We will also present a review concerning the fundamen-
tal connections among these correlation measures and the re-
4cent developments about their potential role in typical tasks of
quantum information processing.
In Section III, we first review the basic aspects related to
the resource theory of quantum coherence including structure
of the corresponding free states and free operations. We then
present a detailed review on those recent developments of the
quantification of quantum coherence. They can be classified
roughly into the following categories: the distance-basedmea-
sure of coherence, the entanglement-based measure of coher-
ence, the convex roof measure of coherence, the robustness of
coherence, the Tsallis relative entropy measure of coherence,
and the skew-information-based measure of coherence. For
every category, there are also different definitions of coher-
ence measures. Moreover, some of their extensions valid for
infinite-dimensional systems and some other coherence mea-
sures defined within slightly different frameworks, for exam-
ple, the different construction of free operations, will also be
reviewed in this section.
In Section IV, we review recent developments on interpre-
tations of the aforementioned quantum coherence measures.
First, we show from an operational perspective that quantum
coherence is intimately related to quantum correlations in bi-
partite and multipartite systems, highlighting the fundamental
position of coherence in quantum theory. Then, we review the
complementarity relations of quantum coherence under both
mutually unbiased bases (MUBs) and incompatible bases, as
well as the complementarity relation between coherence and
mixedness and between coherence and path distinguishabil-
ity. Finally, the distillation and dilution of quantum coherence
with different forms of restricted operations and the average
coherence of randomly sampled states are discussed.
In Section V, we consider the role of quantum coherence in
some quantum information processing tasks, including quan-
tum state merging, Deutsch-Jozsa algorithm, Grover search
algorithm, and deterministic quantum computation with one
qubit (DQC1). The role of coherence in the quantum metrol-
ogy tasks such as phase discrimination and subchannel dis-
crimination is also reviewed. Of course, as quantum coher-
ence underlies different forms of quantum correlations which
are essential for quantum information, we focus here only on
those of the closely related topics.
In Section VI, we discuss dynamics of quantum coherence
and QD, mainly concentrating on their singular behaviors in
open quantum systems. In this section, we first review frozen
phenomena of quantum coherence and QD which are prefer-
able for information processing tasks. Then, we discuss po-
tential ways for protecting and enhancing quantum coherence
and QD. Two closely related problems, i.e., the resource cre-
ating and breaking powers of quantum channel and the factor-
ization relation for the evolution equation of QD and quantum
coherence are described in detail.
In Section VII, we consider quantum coherence in explicit
physical systems. We employ the various spin-chain model to
show that quantum coherence can be used to study the long-
range order, valence-bond-solid states, localized and thermal-
ized states, and quantum phase transitions of the many-body
systems. This shows that the resource theory of quantum co-
herence is not only of fundamental but is also of practical sig-
nificance.
In Section VIII, we present a review on recent progresses of
quantum coherence and QD in relativistic settings, including
their behaviors for the free field modes, for curved spacetime
and expanding universe, and for noninertial cavity modes. We
provide a summary of the Unruh temperature, Hawking tem-
perature, expansion rate of the universe, accelerated motion
of cavities and detectors, and boundary conditions of the field
on quantum correlations and quantum coherence. Quantum
correlations for particle detectors and the dynamical Casimir
effects on these correlations are also provided here.
Finally, in Section IX, we present a concluding remark on
the main results of this review. We hope the review be helpful
for further exploration in these fields. Several open questions
are also raised for possible future research.
II. GEOMETRIC QUANTUM CORRELATION MEASURES
The widely used discordlike quantum correlation measures
proposed in the past ten years can be categorized roughly into
two different families, namely, those based on the entropy the-
ory, and those based on various distance measures of quantum
states. A detailed overview of the first category has already
been given by Modi et al. (2012), and there are no new mea-
sures being proposed along this line in recent years, so we
will recall only the original definition of QD and several of the
related entropic measures for self consistency of this review.
Our main concern will be the second category of discordlike
quantum correlation measures. Most of them are proposed af-
ter the year 2012, and have been proven to be well defined.
The related notions and approaches used in their definitions
have also been proven useful for introducing coherence mea-
sures. In particular, this allows us to put the discordlike corre-
lations and quantum coherence on an equal footing, which fa-
cilitates one’s investigation of the interrelation between these
two different quantifiers of quantumness. Moreover, as the
definitions of GQD and quantum coherence have something
in common, the well developed methods for calculating GQD
are also enlightening for deriving analytical expressions of the
related coherence measures.
To begin with, we recall the concept of QD that was framed
from the viewpoints of information theory. Within the semi-
nal framework formulated by Henderson and Vedral (2001) as
well as Ollivier and Zurek (2001), it was defined based on the
partition of the total correlation in state ρAB into two different
parts, that is, the classical part and the quantum part. The QMI
I(ρAB) was used as a measure of total correlation, and it reads
I(ρAB) = S (ρA) + S (ρB) − S (ρAB), (1)
with S (ρX) = −tr(ρX log2 ρX) (X = A, B, or AB) being the von
Neumann entropy.
Similar to most correlation measures whose quantification
implies measurement, the classical correlation was also de-
5fined from a measurement perspective. Henderson and Vedral
(2001) proposed four defining conditions for a classical mea-
sure J(ρAB): (i) J(ρAB) = 0 for any ρAB = ρA⊗ρB, (ii) it should
be locally unitary invariant, (iii) It is nonincreasing under local
operations, and (iv) J(ρAB) = S (ρA) = S (ρB) for pure states.
Based on these conditions, they defined the classical correla-
tion as the maximum information about one party (say B) of a
bipartite system that can be extracted by performing the posi-
tive operator valued measure (POVM) on the other party (say
A). If the POVM {EA
k
} with elements EA
k
= M
A†
k
MA
k
is per-
formed on party A, one can obtain the postmeasurement state
of the system and the conditional state of party B as
ρ′AB =
∑
k
MAk ρABM
A†
k
, ρB|EA
k
=
trA(E
A
k
ρAB)
pk
, (2)
where pk = tr(E
A
k
ρAB) is the probability for obtaining the out-
come k. The classical correlation is given by
JA(ρAB) = S (ρB) −min
{EA
k
}
S (B|{EAk }), (3)
where
S (B|{EAk }) =
∑
k
pkS (ρB|EA
k
), (4)
is the averaged conditional entropy of the postmeasurement
state ρ′
AB
.
The QD is then defined by the discrepancy between I(ρAB)
and JA(ρAB) as
DA(ρAB) = I(ρAB) − JA(ρAB) = min
{EA
k
}
S (B|{EAk }) − S (B|A), (5)
where S (B|A) = S (ρAB)− S (ρA) is the conditional entropy. Of
course, one can also define DB(ρAB) by performing the mea-
surements on party B. In general, DA(ρAB) , DB(ρAB), that is,
the QD is an asymmetric quantity.
The QD defined above is based on POVM, but the corre-
sponding maximization is generally a notoriously challenging
task. So sometimes one can also consider the set of rank-one
projectors {ΠA
k
}, for which the postmeasurement state turns
out to
ρ′AB =
∑
k
pkΠ
A
k ⊗ ρB|ΠAk . (6)
This yields I(ρ′
AB
) = S (ρB) − ∑k pkS (ρB|ΠA
k
), and the QD be-
comes
DA(ρAB) = I(ρAB) −max
{ΠA
k
}
I(ρ′AB). (7)
Hence the intuitive meaning of QD can be interpreted as the
minimal loss of correlations due to the local projective mea-
surements {ΠA
k
}. Indeed, it suffices to consider only the pro-
jective measurements {ΠA
k
} for two-qubit states in most cases
(Galve et al., 2011; Hamieh et al., 2004). Moreover, the opti-
mal measurement strategy (over four-element POVM) for ob-
taining classical correlation JA(ρAB) in many-body system has
been studied by Amico et al. (2012).
Similarly, a symmetric version of QD was also proposed. It
reads (Girolami et al., 2011; Wu et al., 2009)
Ds(ρAB) = I(ρAB) − max
{ΠA
k
⊗ΠB
l
}
I(ρ′′AB), (8)
where ρ′′
AB
=
∑
k pklΠ
A
k
⊗ ⊗ΠB
l
.
Apart from the above QD measure, Zurek (2003) presented
a slightly different discordlike correlation measure which was
called thermal QD, and is defined as
D˜A(ρAB) = min
{ΠA
k
}
[S (ρ′A) + S (B|{ΠAk })] − S (ρAB), (9)
where ρ′
A
is the reduced state of ρ′
AB
in Eq. (6), and S (ρ′
A
) =
H({pk}), with H({pk}) being the Shannon entropy function and
the probability pk = tr(Π
A
k
ρABΠ
A
k
).
Apart from the above entropicmeasure and the other related
entropicmeasures summarized in detail byModi et al. (2012),
QD can also be measured from a geometric aspect. The moti-
vation for this approach is very similar to the geometric mea-
sure of entanglement first introduced by Shimony (1995) and
further extended by Wei and Goldbart (2003). For pure state
|ψ〉, they proposed to adopt the minimal squared distance be-
tween |ψ〉 and the set of separable pure states |φ〉 to character-
ize its entanglement, that is, by minimizing min|φ〉 ‖|ψ〉− |φ〉‖2.
Based on this, one can derive the following geometric entan-
glement measure
Eg(ψ) = min|φ〉
(1 − |〈ψ|φ〉|2) = 1 −max
|φ〉
|〈ψ|φ〉|2, (10)
where ψ = |ψ〉〈ψ|. If ψ is a bipartite state, Eg(ψ) = 1 − λ1/2max
(Shimony, 1995), where λ1/2max is the maximal Schmidt coef-
ficient corresponding to the Schmidt decomposition of |ψ〉 of
the following form
|ψ〉 =
∑
i
√
λi|ϕAi 〉 ⊗ |ϕBi 〉. (11)
For a mixed state described by density operator ρ, the ge-
ometric entanglement measure can be defined in terms of the
convex roof construction
Eg(ρ) = min{pi ,ψi}
∑
i
piEg(ψi), (12)
where ψi = |ψi〉〈ψi|, and the minimization is with respect to
the possible decompositions of
ρ =
∑
i
piψi. (13)
Though the calculation of Eg(ρ) for general mixed states is
a daunting task, for any two-qubit state ρ, it can be evaluated
analytically as
Eg(ρ) =
1 −
√
1 −C2(ρ)
2
, (14)
whereC(ρ) is the concurrence of ρ (Wootters, 1998). We refer
to the work of Chen et al. (2014) for a comparison of different
geometric entanglement measures.
6In the following, we review in detail the geometric mea-
sure of discordlike correlations. The motivation for such kind
of measures may be fourfold. First, the definition of geomet-
ric correlations are based on the idea that a distance from a
given state to the closest state without the desired property
is a measure of that property (Modi et al., 2010), thereby one
can quantify amount of correlations by the distance of the con-
sidered state to the set of states without the desired property.
This endows the resulting geometric measure a clear geomet-
ric interpretation. Second, the geometric measures are prefer-
able due to their analytically computable for a wide regime
of states. In particular, the theory for geometric entanglement
measure is historically well developed, while the features of
various distance measures of states are also intensively inves-
tigated. The corresponding results can be borrowed for study-
ing geometric discordlike correlations. Thirdly, it is hard to
generalize the concept of the entropic discord to multipartite
scenario as it is based on QMI which is not defined for mul-
tipartite systems. But the geometric approach enables one to
define discordlike correlations which are completely applica-
ble for multipartite states. Finally, the geometric discordlike
correlations have also been shown to be related to some quan-
tum information processing tasks, thereby endows them with
an actual meaning.
Once a distance measure of quantum states is chosen, the
corresponding GQD measure will be determined by the set of
classical states. In general, the definition of classical states is
not unique and different types are studied in different contexts,
see, e.g., the work of Hamieh et al. (2004) and references
therein. We refer the following two slightly different types of
them which are within the theory of discordlike correlations:
partial classical states and total classical states. In the case
where there are only two subsystems, they are usually called
one-sided (classical-quantum or quantum-classical) and two-
sided (classical-classical) classical states. The set contains
mixtures of locally distinguishable states and include the set of
product states as its subset. They are defined to be classical as
the total correlation (measured by QMI) contained in them is
the same as the classical correlation (Henderson and Vedral,
2001; Ollivier and Zurek, 2001). In fact, for any partial (to-
tal) classical state, there exist local (tensor product of local)
POVM such that the postmeasurement state is the same as the
premeasurement one. Contrary, if there dose not exist such a
POVM, the considered state is said to be discordant.
Apart from classical states, we will also consider the sets of
locally invariant states and locally invariant projective mea-
surements which are utilized in defining MIN. Here, by say-
ing a projective measurement to be locally invariant we mean
that it does not disturb the reduced state (say ρA) of a bipartite
system AB. It constitutes a subset of the full set of local pro-
jective measurements. Moreover, the set of locally invariant
states are also different from that of the above-mentioned clas-
sical (i.e., zero-discord) states, as some of the classical states
may have nonvanishing MIN (Luo and Fu, 2011).
In the following discussion of discordlike correlations other
than that measured by relative entropy, we focus our attention
FIG. 1 Geometric quantum correlations of a state ρ can be quantified
by the closest (pseudo) distance between it and the set of classical-
quantum states (for GQD) and the locally invariant states (for MIN).
mainly on bipartite states. But most of them can be general-
ized directly to multipartite scenario due to the definite struc-
ture of total classical states (Modi et al., 2010).
A. Geometric quantum discord
The starting point for the definition of GQD is the identi-
fication of the set CQ of classical-quantum (i.e., zero-discord
with respect to subsystem A) states. For a bipartite state in the
Hilbert spaceHAB, the classical-quantum states can be written
as
χ =
∑
i
pkΠ
A
k ⊗ ρBk , (15)
which is a convex combination of the tensor products of the
orthogonal projectorΠA
k
inHA and an arbitrary density opera-
tor ρB
k
inHB, with {pk} being any probability distribution. In-
tuitively, χ of Eq. (15) is said to be classical-quantum as there
exists at least one measurement on subsystem A for which B
is not affected. or in other words, by measuring A one extracts
no information about B as the entropy S (ρB) and the residual
entropy
∑
k pkS (ρ
B
k
) for the conditional ensemble {pk, ρBk } after
an optimal local POVM is performed on A are the same. In-
deed, within the framework of Henderson and Vedral (2001)
and Ollivier and Zurek (2001), one can also check directly
that the classical correlation contained in χ is zero.
With CQ in hand, the category of GQDs for a state ρ can
be characterized by its closest (pseudo) distance to the zero-
discord state in set CQ (see Fig. 1). More specifically, it can
be formalized in the general form
DD(ρ) = min
χ∈CQ
D(ρ, χ), (16)
whereD(ρ, χ) is a suitable distancemeasure of quantum states
which should satisfy certain natural restrictions in order for
the GQD to be well defined, for example, it should be non-
negative, and should be nonincreasing under the action of
completely positive and trace preserving (CPTP) map. In
7certain specific situations, some equivalent forms of D(ρ, χ)
may be used as well. As the distance between two quan-
tum states can be measured from different aspects, the GQDs
can be defined accordingly, provided that they satisfy the
conditions for a faithful measure of quantum correlation
(Henderson and Vedral, 2001). Moreover, while the GQD de-
fined in Eq. (16) can increase under local operations on party
A by its definition, it should not be increased by local opera-
tions on the unmeasured party B (Piani, 2012).
Likewise, one could write directly the set QC of quantum-
classical states and define the GQD with respect to subsystem
B, or the set CC of classical-classical states and define the
GQD with respect to total system AB. The classical-classical
states can be written as χ′ =
∑
i pklΠ
A
k
⊗ ΠB
l
, and there exists
at least one local measurements for which it is not affected. In
what follows we consider the GQD defined with respect to A.
Its definition with respect to B or AB is similarly.
This definition of GQD is somewhat different
from the initially proposed entropic measure of QD
(Henderson and Vedral, 2001). But it should also satisfy
the similar necessary conditions in order for it to be a bona
fide measure of quantum correlation, e.g., it is non-negative,
vanishes only for zero-discord states, keeps invariant under
local unitary transformations, and is nonincreasing under
local operations.
1. Hilbert-Schmidt norm of discord
By using the HS norm as a measure of the distance between
two states, Dakic´ et al. (2010)defined the GQD of ρ as
DG(ρ) = min
χ∈CQ
‖ρ − χ‖22, (17)
with ‖X‖2 denoting the HS norm which is defined as ‖X‖2 =√
tr(X†X).
Luo and Fu (2010a) further proved that the above definition
of GQD is completely equivalent to
DG(ρ) = min
ΠA
‖ρ − ΠA(ρ)‖22, (18)
where ΠA = {ΠA
k
} is the local von Neumann measurements on
party A which sum to the identity (i.e.,
∑
k Π
A
k
= 1 A), and
ΠA(ρ) =
∑
k
(ΠAk ⊗ 1 B)ρ(ΠAk ⊗ 1 B). (19)
As the set {ΠA(ρ)} of postmeasurement states is generally a
subset of the full set CQ of classical states, the equivalence
between the above two definitions implies that one only need
to take the minimization over {ΠA(ρ)}, and this greatly simpli-
fies the estimation of DG(ρ). Moreover, Eq. (18) also reveals
that DG(ρ) basically measures how much a measurement on
party A does disturbs other parts of the state.
Costa and Angelo (2013) put forward another discord mea-
sure which was termed as q-discord. It reads
Dq(ρ) = min
ΠA
S q(Π
A[ρ]) − S q(ρ), (20)
where S q(ρ) is the Tsallis q-entropy defined as (Tsallis, 1988)
S q(ρ) =
1 − trρq
q − 1 . (21)
It reduces to −tr(ρ ln ρ) when q → 1. Moreover, one can ob-
tain immediately from Eq. (20) that D2(ρ) = trρ
2− tr(ΠA[ρ])2,
thus DG(ρ) can also be retrieved from the q-discord by setting
q = 2.
This GQD measure is favored for its ease of computation.
In particular, by noting that any two-qubit state ρ can be rep-
resented as
ρ =
1
4
(
1 4 + ~x · ~σ ⊗ 1 2 + 1 2 ⊗ ~y · ~σ +
3∑
i, j=1
ri jσi ⊗ σ j
)
, (22)
Dakic´ et al. (2010) derived the explicit formula for DG(ρ),
which is given by
DG(ρ) =
1
4
(
‖x‖22 + ‖R‖22 − kmax
)
, (23)
where ‖~x‖2
2
=
∑3
i=1 x
2
i
, ‖R‖2
2
= tr(RTR), and kmax is the largest
eigenvalue of the matrix K = ~x~xT + RRT , where R = (ri j) is a
3 × 3 real matrix, and the superscript T denotes transpose of
vectors or matrices.
Using the same method, the GQD for any qubit-qutrit state
ρ was obtained as (Karpat and Gedik, 2011)
DG(ρ) =
1
6
‖~x‖22 +
1
4
‖R‖22 − kmax, (24)
where ‖~x‖22, ‖R‖22, and kmax are similar to those for the two-
qubit case, with however xi = trρ(σi ⊗ 1 3), R becomes a 3× 8
matrix with the elements ri j = trρ(σi ⊗λ j), λ j ( j = 1, 2, . . . , 8)
are the Gell-Mann matrices, and K = ~x~xT/6 + RRT/4.
Moreover, for the (d × d)-dimensional Werner state ρW and
isotropic state ρI of the following form
ρW =
d − x
d3 − d 1 d2 +
dx − 1
d3 − d
∑
i j
|i j〉〈 ji|, x ∈ [−1, 1],
ρI =
1 − x
d2 − 11 d2 +
d2x − 1
d3 − d
∑
i j
|ii〉〈 j j|, x ∈ [0, 1],
(25)
the HS norm of GQD can be obtained analytically as
(Luo and Fu, 2010a)
DG(ρW ) =
(dx − 1)2
d(d − 1)(d + 1)2 ,
DG(ρI) =
(d2x − 1)2
d(d − 1)(d + 1)2 .
(26)
For any (m×n)-dimensional bipartite state, it can always be
decomposed as
ρ =
∑
i j
ri jXi ⊗ Y j, (27)
8where {Xi : i = 0, 1, . . . ,m2−1} (X0 = 1 m/
√
m) is the orthonor-
mal operator basis for subsystem A that satisfy tr(X†
i
Xi′ ) = δii′
(likewise for Y j), the HS norm of GQD is showed to be lower
bounded by (Luo and Fu, 2010a)
DG(ρ) ≥ tr(CCT ) −
m∑
j=1
λ j =
m2∑
j=m+1
λ j, (28)
with λ j representing eigenvalues of the matrix CC
T arranged
in nonincreasing order (counting multiplicity), and C = (ri j)
is a m2 × n2 matrix.
Hassan et al. (2012) also obtained a different tight lower
bound of DG(ρ), which is given by
DG(ρ) ≥ ‖x‖2 + ‖R‖2 −
m−1∑
j=1
η j, (29)
where η j are eigenvalues of the matrix m
2n(xxT + RRT )/2 ar-
ranged in nonincreasing order (counting multiplicity). Here,
we have denoted by x = (r10, r20, · · · , rm2−1,0)T , and R = (rkl)
with k = 1, 2, · · · ,m2 − 1, and l = 1, 2, · · · , n2 − 1. Moreover,
note that our decomposed form of ρ in Eq. (27) is slightly
different from that given by Hassan et al. (2012), thus induces
the seemingly different but essentially the same expressions
of the lower bound of DG(ρ).
Different from the GQD of Eq. (18), Guo et al. (2015)
proposed another measure of quantumness by using the av-
erage distance between the reduced state ρB = trAρ and the ith
output reduced state of subsystem B after the local von Neu-
mann measurements were performed on A. LetHA ⊗HB with
dimHA = m and dimHB = n ≥ m be the state space of a
bipartite system. The measure is then defined by
DavG (ρ) = sup
ΠA
∑
k
pk‖ρB − ρBk ‖22, (30)
where the supremum is taken over the full set of local von
Neumann measurements ΠA = {ΠA
k
}, and ρB
k
= trA(Π
A
k
⊗
1 B)ρ(Π
A
k
⊗ 1 B). It was showed that only the product states
do not contain this kind of quantumness, that is, Dav
G
(ρ) = 0
only for ρ = ρA ⊗ ρB. So it captures quantumness of a state
which is different from that captured by the QD defined within
the framework of Ollivier and Zurek (2001).
While the GQD given in Eq. (17) is analytical computable
for any two-qubit state, it is noncontractive, i.e., its value may
be changed even by local reversible operations on the unmea-
sured party B, so it was thought to be not well defined (Piani,
2012). But it does play a role in some quantum information
tasks, see Sec. II.C. Due to this reason, it is desirable to find
ways of characterizing and quantifying GQD using other dis-
tance measures of states.
2. Trace norm of discord
In stead of using the HS norm, Paula et al. (2013a) con-
sidered the possibility of using the general Schatten p-norm
to measure quantum correlations. The Schatten p-norm for a
matrix M is defined as
‖M‖p = {tr[M†M]p/2}1/p, (31)
which reduces to the HS norm if p = 2, and the trace norm
if p = 1. By using multiplicative property of the Schatten p-
norm under tensor products, Paula et al. (2013a) showed that
the corresponding GQD is well defined only for p = 1. Based
on this fact, they introduced the trace norm of discord as
DT (ρ) = min
χ∈CQ
‖ρ − χ‖1, (32)
and for 2×n dimensional state ρ (i.e., A is a qubit), the optimal
χ can also be obtained from the subset ΠA(ρ) (Nakano et al.,
2013), with ΠA = {ΠA
k
} being the set of local projective mea-
surements, i.e.,
DT (ρ) = min
ΠA
‖ρ − ΠA(ρ)‖1. (33)
The calculation of DT (ρ) is a hard task, and there is no ana-
lytical solution for it in general cases. For the two-qubit Bell-
diagonal states
ρBell =
1
4
1 4 +
3∑
i=1
ciσi ⊗ σi
 , (34)
it can be derived as
DT (ρ
Bell) = int{|c1|, |c2|, |c3|}, (35)
with int{·} denoting the intermediate value. The closest χρ is
still a Bell-diagonal state with the only nonzero parameter ck
corresponding to |ck| = max{|c1|, |c2|, |c3|}.
Moreover, for two-qubit X state ρX which contains nonzero
elements only along the main diagonal and anti-diagonal in
the computational basis {|00〉, |01〉, |10〉, |11〉}, the trace norm
of discord is given by (Ciccarello et al., 2014)
DT (ρ
X) =
√
ξ2
1
ξmax − ξ22ξmin
ξmax − ξmin + ξ21 − ξ22
, (36)
where
ξ1,2 = 2(|ρ23| ± |ρ14|), ξ3 = 1 − 2(ρ22 + ρ33),
ξmax = max{ξ23 , ξ22 + x2A3}, xA3 = 2(ρ11 + ρ22) − 1.
(37)
For higher-dimensional states, Jako´bczyk et al. (2016) con-
sidered a simplified version of DT (ρ) defined also by Eq.
(33), and obtained its analytical solution for certain very spe-
cial kinds of qutrit-qutrit states, e.g., the maximally entangled
states and the Werner states.
The trace norm of discord could also be connected to quan-
tum correlations such as entanglementwitness. We refer to the
work of Gu¨hne and To´th (2009) for a comprehensive review
of entanglement witnesses. In general, an entanglement wit-
ness W is an Hermitian operator for which tr(Wρ) takes neg-
ative value for at least one entangled state and non-negative
9FIG. 2 Geometric correlations in the state ρ, where Π˜A is the optimal
measurement operator for obtaining DT (ρ), πrd = ρ
A ⊗ ρB, χρ is the
state with closest trace distance to ρ, and π is the local product state.
values for all separable states. By minimizing over the com-
pact subset M of the set of entanglement witnesses W, one
can obtain the optimal entanglement witness, and define the
quantifier
Ew(ρ) = max{0,− min
W∈M
tr(Wρ)}, (38)
as an entanglement measure (Branda˜o, 2005).
Debarba et al. (2012) proved that DT (ρ) is lower bounded
by
DT (ρ) ≥ max{0,− min
{W∈W|−1 ≤W≤1 }
tr(Wρ)}. (39)
As Ew(ρ) is in fact the negativity N(ρ) (Vianna and Werner,
2002) for M = {WTA ∈ W|0 ≤ WTA ≤ 1 } (Branda˜o, 2005),
and the robustness of entanglement Rr(ρ)/d for M = {W ∈
W|trW = 1} (Branda˜o and Vianna, 2006; Vidal and Tarrach,
1999), both of which are obviously equal to or smaller than
the optimal entanglement witness showed on the right-hand
side of Eq. (39), we also have
DT (ρ) ≥ N(ρ), DT (ρ) ≥ Rr(ρ)/d. (40)
While Eq. (32) gives a proper quantum correlation mea-
sure, Paula et al. (2013b) further defined the corresponding
geometric classical and total correlations using the trace norm.
By fixing χ ∈ ΠA(ρ) and denoting Π˜A the corresponding op-
timal measurement operator for obtaining DT (ρ) (the mini-
mization over different ΠA(ρ) is equivalent to the minimiza-
tion over CQ for qubit states), they defined the geometric clas-
sical correlationCT (ρ) and total correlation TT (ρ) as (see Fig.
2)
CT (ρ) = ‖Π˜A(ρ) − Π˜A(πrd)‖1,
TT (ρ) = ‖ρ − πrd‖1,
(41)
with πrd = ρA ⊗ ρB being product of the reduced density ma-
trices of ρ.
For the Bell-diagonal states ρBell of Eq. (34), Paula et al.
(2013b) further obtained
CT (ρ
Bell) = c+,
TT (ρ
Bell) =
1
2
[c+ +max{c+, c0 + c−}],
(42)
with c+, c−, and c0 being the maximum, minimum, and inter-
mediate values of {|c1|, |c2|, |c3|}, respectively. This yields the
superadditivity relation: TT ≤ CT + DT .
In fact, Π˜A(πrd) in Eq. (41) may be not the closest state to
Π˜A(ρ), and πrd composed of the reduced density matrices may
also be not the closest product state to ρ. This stimulates more
general definitions of geometric classical correlation and total
correlation. Without loss of generality, one can denote by χρ
for the state with closest trace distance to ρ [note that Π˜A(ρ) is
optimal only for A being a qubit], and P the set of local prod-
uct states of the subsystems. Based on these, Aaronson et al.
(2013a) defined (see Fig. 2)
C˜T (ρ) = min
π∈P
‖χρ − π‖1,
T˜T (ρ) = min
π∈P
‖ρ − π‖1,
(43)
and derived analytically
C˜T (ρ
Bell) =
√
1 + c+ − 1, (44)
where the closest state πχρ to χρ is given by πχρ = ρ˜A ⊗ ρ˜B
with ρ˜A = (1 2 + akσk)/2 and ρ˜B = (1 2 + bkσk)/2. The index k
corresponds to the maximum of |ck| = c+, and ak = bk |ck|/ck.
Clearly, πχρ is not the product of its marginals, and is not even
a Bell-diagonal state in general.
For the family of classical-quantum or quantum-classical
bipartite states, Ma et al. (2014) introduced another quantum
correlation measure based on the non-commutativity of quan-
tum observables, where the trace norm of the commutators of
the ensemble state of one subsystem is used. To be explicit,
for classical-quantum state χ of Eq. (15) described by the en-
semble {Xi} with Xi = piρi, they found the quantity
D(χ) =
∑
i> j
‖[Xi, X j]‖1, (45)
satisfy the following properties of correlations: D(χ) ≥ 0, and
the equality holds when subsystem B is also classical. More-
over, it is local unitary invariant, and is nonincreasing when
an ancillary system is introduced.
The above result was further extended by Guo (2016), who
proposed to define GQD for any ρ in a similar manner. Let
{|iA〉} be an orthonormal basis ofHA. Then any state ρ acting
onHA ⊗HB can be represented by
ρ =
∑
i, j
|iA〉〈 jA | ⊗ Bi j. (46)
with Bi j being operators inHB. The non-commutativity mea-
sure of GQD for ρ is defined by
DN(ρ) ≔
1
2
∑
(i j),(kl)
‖[Bi j, Bkl]‖1, (47)
under the trace norm, and
D′N(ρ) ≔
1
2
∑
(i j),(kl)
‖[Bi j, Bkl]‖2, (48)
under the HS norm, where the commutator [X, Y] = XY −YX,
and the summation is over all different pairs of {Bi j}.
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These two measures of GQD can be calculated easily for ρ
of arbitrary dimension. In particular, for pure state ψ = |ψ〉〈ψ|
with Schmidt decomposition of Eq. (11), analytical solutions
of them are given by
DN(ψ) = 2
∑
i, j
λiλ j
 ∑
(k,l)∈Ω
λkλl
 ,
D′N(ψ) = 2
∑
i, j
λiλ j
 ∑
(k,l)∈Ω′
λkλl
 + √2,
(49)
where Ω = {(k, l)} with i < k ≤ j ≤ l or k = i, l = j if i < j,
and i ≤ k < l if i = j, while Ω′ = {(k, l)} with i < k ≤ j ≤ l if
i < j, and i ≤ k < l if i = j.
It was showed via several examples that they can reflect the
amount of the original QD. In particular, these two measures
disappear if and only if the corresponding state is zero discor-
dant. Here, we would like to further point out that this is in
fact a direct consequence of the result of Chen et al. (2011), in
which a necessary and sufficient condition for vanishing QD
has been proven. It says that ρ has zero QD if and only if all
the operators ρB|i j commute with each other for any orthonor-
mal basis {|iA〉} inHA, where
ρB|i j ≔ 〈iA|ρ| jA〉. (50)
It is obvious that Bi j in Eq. (46) is the same as ρB|i j of the
above equation.
3. Bures distance of discord
The distance between two states ρ and σ can also be quan-
tified by the Bures distance
DB(ρ, σ) = 2[1 −
√
F(ρ, σ)], (51)
where
F(ρ, σ) =
[
tr(
√
ρσ
√
ρ)1/2
]2
, (52)
is the Uhlmann fidelity (Nielsen and Chuang, 2000). The Bu-
res distance satisfy the preferable properties of joint convexity,
i.e.,
DB(p1ρ1 + p2ρ2, p1σ1 + p2σ2) ≤p1DB(ρ1, σ1)
+ p2DB(ρ2, σ2),
(53)
and it is also monotonous under CPTP maps. It has
been used to quantify entanglement (Streltsov et al., 2010b;
Vedral and Plenio, 1998), and there are some equivalent defi-
nitions of Bures distance discord. Spehner and Orszag (2013)
proposed to define it as
DB(ρ) = (2 +
√
2)
[
1 −
√
Fmax(ρ)
]
, (54)
where Fmax(ρ) = maxχ∈CQ F(ρ, χ) represents the maximum of
the Uhlmann fidelity, and the constant 2 +
√
2 is introduced
for the normalization of it for two-qubit maximally discordant
states. Moreover, the square root of DB(ρ) in Eq. (54) equals
to that defined by Aaronson et al. (2013b).
There are several cases that the evaluation of Fmax(ρ), and
thus DB(ρ) can be simplified:
(1) For arbitrary pure state |ψ〉, the maximum Uhlmann fi-
delity can be obtained as Fmax(|ψ〉〈ψ|) = µmax, with µmax being
the largest Schmidt coefficient of |ψ〉 (Spehner and Orszag,
2013).
(2) For any Bell-diagonal state ρBell of Eq. (34), we have
(Aaronson et al., 2013b; Spehner and Orszag, 2014)
Fmax(ρ
Bell) =
1
2
+
1
4
max
〈i jk〉
[√
(1 + ci)2 − (c j − ck)2
+
√
(1 − ci)2 − (c j + ck)2
]
, (55)
where the maximum is taken over all the cyclic permutations
of {1, 2, 3}.
(3) For general (2 × n)-dimensional state, although there is
no analytical solution, the maximum of the Uhlmann fidelity
can be calculated as (Spehner and Orszag, 2014)
Fmax(ρ) =
1
2
max
||~u=1||
1 − trΛ(~u) + 2 nB∑
k=1
λk(~u)
 , (56)
where λk(~u) are eigenvalues of
Λ(~u) =
√
ρ(σ~u ⊗ 1 B)
√
ρ (57)
arranged in nonincreasing order, and σ~u = ~u · ~σ, with ~u =
(sin θ cosφ, sin θ sinφ, cos θ) being a unit vector in R3, and nB
the dimension ofHB.
4. Relative entropy of discord
The relative entropy of a state ρ to another state σ is defined
as
S (ρ‖σ) = tr(ρ log2 ρ) − tr(ρ log2 σ), (58)
which is non-negative, and can sometimes be infinite. Though
technically the relative entropy does not has a geometric inter-
pretation as S (ρ‖σ) , S (σ‖ρ) in general, it can be recognized
as a (pseudo) distance measure of quantum states.
The relative entropy has been used to define quantum en-
tanglement,
ER = min
σ∈S
S (ρ‖σ), (59)
which is indeed the minimal relative entropy of ρ to the set
S of separable states (Vedral et al., 1997; Vedral and Plenio,
1998). In the same spirit, one can use it to define the discord-
like correlation measures. Modi et al. (2010) made the first
attempt in this direction by introducing the relative entropy of
discord DR and the relative entropy of dissonance QR, They
are defined, respectively, to be the minimal relative entropy of
ρ and σ (the closest separable state to ρ) to the set of classical
states C (here, by saying a state to be classical, we mean that
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it is classical with respect to all of its subsystems, which is
similar to the set of CC states for bipartite systems), and can
be written explicitly as
DR = min
χ∈C
S (ρ‖χ), QR = min
χ∈C
S (σ‖χ), (60)
which are applicable for the general bipartite and multipartite
states. In particular, QR(σ) reveals a kind of quantum correla-
tion excluding quantum entanglement.
Modi et al. (2010) also showed that DR and QR are equiva-
lent to
DR = S (χρ) − S (ρ), QR = S (χσ) − S (ρ), (61)
where S (χρ) = min|~k〉 S (
∑
~k
|~k〉〈~k|ρ|~k〉〈~k|) with {|~k〉} forming the
eigenbasis of χρ, and likewise for S (χσ). So the optimization
in Eq. (59) is reduced to the optimization of the von Neumann
entropy S (χρ) and S (χσ).
In a similar manner to Eqs. (60) and (61), Modi et al.
(2010) defined the total correlation and classical correlation
as
Tρ = S (ρ‖πρ) = S (πρ) − S (ρ),
Tσ = S (σ‖πσ) = S (πσ) − S (σ),
Cρ = S (χρ‖πχρ) = S (πχρ) − S (χρ),
Cσ = S (χσ‖πχσ) = S (πχσ) − S (χσ),
(62)
where πρ = π1 ⊗ . . . ⊗ πN (πk is the reduced density operator
of the kth subsystem of ρ), and likewise for πσ, πχρ , and πχσ .
From these definitions, one can obtain the following additivity
relations
Tρ + Lρ = DR + Cρ, Tσ + Lσ = QR +Cσ, (63)
where Lρ = S (πχρ) − S (πρ) and Lσ = S (πχσ) − S (πσ).
For two-qubit Bell-diagonal states of Eq. (34), if we rewrite
it as ρBell =
∑
i λi|Ψi〉〈Ψi|, where λi are arranged in nonincreas-
ing order and |Ψi〉 (i = 1, 2, 3, 4) are the four Bell states, then
the closest separable state to it is given by (Vedral and Plenio,
1998)
σ =
4∑
i=1
pi|Ψi〉〈Ψi, (64)
where p1 = 1/2 and pi = λi/[2(1−λ1)] for i , 1. Similarly, the
closest classical state to ρBell is given by (Modi et al., 2010)
χρ =
qρ
2
[|Ψ1〉〈Ψ1| + |Ψ2〉〈Ψ2|]
+
1 − qρ
2
[|Ψ3〉〈Ψ3| + |Ψ4〉〈Ψ4|],
(65)
with qρ = λ1 + λ2, and the closest classical state to σ can be
obtained directly by substituting qρ with qσ = p1 + p2.
Moreover, it is worthwhile to note that for any bipartite state
ρAB, the relative entropy of discordDR(ρAB) equals to the zero-
way quantum deficit
∆Ø(ρAB) = min
ΠA⊗ΠB
S (ρAB‖ΠA ⊗ ΠB[ρAB]), (66)
which is also a discordlike quantum correlation measure
and was defined originally from the perspective of work ex-
traction from the quantum system coupled to a heat bath
(Horodecki et al., 2005c). The above equation thereby en-
dows ∆Ø(ρAB) a geometric interpretation, that is, it corre-
sponds to the minimal relative entropy between ρAB and the
full set of postmeasurement states ΠA ⊗ ΠB[ρAB].
The one-way quantum deficit can also be expressed by us-
ing the quantum relative entropy as (Horodecki et al., 2005c)
∆→(ρAB) = min
ΠA
S (ρAB‖ΠA[ρAB]), (67)
and it also equals to the minimal relative entropy between
ρAB and the set CQ of classical-quantum states. Furthermore,
∆→(ρAB) also equivalents to the thermal QD D˜A(ρAB) intro-
duced by Zurek (2003).
5. Hellinger distance of discord
Although in most cases the quantum correlation measure
is defined as a direct function of the density operator ρ it-
self, its other forms may also be very useful. For example,
with roots in the well-know notion of WY skew information
(Wigner and Yanase, 1963), the square root
√
ρ has been used
to study the local quantum uncertainty (LQU) of a single sys-
tem (Girolami et al., 2013).
By using the square root form of a density operator,
Chang and Luo (2013) introduced a new quantifier of the
GQD, for which we call it the Hellinger distance discord. It
can be recognized as a modified version of the GQD proposed
by Dakic´ et al. (2010), and reads
DH(ρ) = 2min
ΠA
‖ √ρ − ΠA(√ρ) ‖22, (68)
where the minimum is taken over ΠA = {ΠA
k
}, with
ΠA(
√
ρ) =
∑
k
(ΠAk ⊗ 1 B)
√
ρ(ΠAk ⊗ 1 B), (69)
and 1 B is the identity operator inHB.
The Hellinger distance discord is well defined. It is locally
unitary invariant, and vanishes if and only if ρ is a classical-
quantum state. It also keeps invariant when adding a local
ancilla to the unmeasured party, i.e., DH(ρA:BC) = DH(ρA:B)
for ρA:BC = ρAB ⊗ ρC . This property averts the fault encoun-
tered when measuring GQD via the HS norm (Piani, 2012).
Moreover, it is similar to the squared form of the Hellinger
distance defined as
d2H(ρ, χ) =
1
2
tr{(√ρ − √χ)2}, (70)
and this is the reason for it to be called the Hellinger distance
discord.
For pure state ψ = |ψ〉〈ψ| with the Schmidt decomposition
of Eq. (11), the Hellinger distance discord can be obtained
as DH(ψ) = 1 − ∑i λ2i , which is the same as that of the GQD
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based on the HS norm (Dakic´ et al., 2010). Moreover, for the
Bell-diagonal state ρBell, it is given by
DH(ρ
Bell) = 1 − 1
4
(h2 +max
i
{d2i }), (71)
where h =
∑
i
√
λi, di = h − 2
√
λ4 − 2
√
λi (i = 1, 2, 3), and λi
are eigenvalues of ρBell given by
λ1 =
1
4
(1 − c1 + c2 + c3), λ2 = 1
4
(1 + c1 − c2 + c3),
λ3 =
1
4
(1 + c1 + c2 − c3), λ4 = 1
4
(1 − c1 − c2 − c3).
(72)
For (2 × n)-dimensional state ρ with the decomposed form
of
√
ρ =
∑
i j
γi jXi ⊗ Y j, (73)
where {Xi : i = 0, 1, 2, 3} and {Y j : j = 0, 1, . . . , n2 − 1} con-
stitutes the orthonormal operator bases for the Hilbert spaces
HA and HB, the Hellinger distance discord can be calculated
as (Chang and Luo, 2013)
DH(ρ) = 2(1 − ||r||22 − µmax), (74)
where ||r||2
2
=
∑
j γ
2
0 j
, and µmax represents the largest eigen-
value of the matrix ΓΓ†, with Γ = (γi j)i=1,2,3; j=0,1,··· ,n2−1.
6. Local quantum uncertainty
The WY skew information was defined as follows
(Wigner and Yanase, 1963)
Ip(ρ,K) = −1
2
tr{[ρp,K][ρ1−p,K]}, (75)
with p ∈ (0, 1), and when p = 1/2 (we omit the superscript in
Ip(ρ,K) for brevity),
I(ρ,K) = −1
2
tr{[√ρ,K]2} = 1
2
‖[K, √ρ]‖22, (76)
was also termed the WY skew information, where K denotes
the observable to bemeasured (a self-adjoint operator). I(ρ,K)
measures the information content embodied in a state that is
skewed to the chosen observable K, and is bounded above by
the variance of K, i.e.,
I(ρ,K) ≤ 〈K2〉ρ − 〈K〉2ρ, (77)
where the equality holds for pure states. This equation shows
that I(ρ,K) is indeed a lower bound of the weighted statisti-
cal uncertainty about K (measured by the variance of K) for
any possible state preparation. For ρ =
∑
i λi|ψi〉〈ψi|, one can
further obtain
I(ρ,K) =
1
2
∑
i j
(
√
λi −
√
λ j)
2K2i j, (78)
where the overlap Ki j = |〈ψi|K|ψ j〉|.
Compared to the variance of K, the skew information has
many advantages. In particular, it possesses preferable proper-
ties which are useful for defining quantum correlations, e.g., it
is nonnegative and vanishes if and only if [ρ,K] = 0, it is con-
vex, that is, I(
∑
i piρi,K) ≤
∑
i piI(ρi,K). Indeed, the skew in-
formation can used to characterize uncertainty relation (Luo,
2003), while a correlation measure based on it has also been
introduced (Luo and Fu, 2012).
Girolami et al. (2013) proposed to use the WY skew infor-
mation to quantify LQU of a bipartite state ρ. They chose
the local observable KΛ = KΛ
A
⊗ 1 B (Λ denotes spectrum of
KΛ
A
that are nondegenerate as this corresponds to maximally
informative observables on A) and defined the LQU as
UΛA (ρ) = min
KΛ
I(ρ,KΛ), (79)
which is not only a measure of uncertainty, but also a well-
defined quantum correlationmeasure. In particular, for (2×n)-
dimensional state ρ, by dropping the superscript Λ for brevity
and choosing the nondegenerate observables as KA = ~n · ~σA,
with ~σ = (σ1, σ2, σ3) being the vector of Pauli operators, the
LQU can be derived as (Girolami et al., 2013)
UA(ρ) = 1 − λmax(WAB), (80)
where λmax(WAB) denotes the maximum eigenvalue of the ma-
trixWAB whose elements are given by
(WAB)i j = tr{ √ρ(σAi ⊗ 1 B)
√
ρ(σBj ⊗ 1 B)}, (81)
from which one can obtain that for pure state |ψ〉, the LQU
reduces to the linear entropy of entanglement
UA(|ψ〉〈ψ|) = 2[1 − tr(ρA)2], (82)
where ρA = trB(|ψ〉〈ψ|).
In fact, for arbitrary (2 × n)-dimensional state ρ, as KA =
~n · ~σA is a root-of-unity local unitary operation, which implies
KA f (ρ)KA = f (KAρKA) for arbitrary function f (·), thus
UA(ρ) =1 − tr{ √ρKA √ρKA},
=1 − tr{ √ρ
√
KAρKA},
=d2H(ρ,KAρKA),
(83)
while {ΠA
k
} of Eq. (69) can be written as ΠA1,2 = (1 2 ± KA)/2,
which gives
[√
ρ − ΠA(√ρ)]2 =1
4
(ρ + KAρKA − √ρKA √ρKA
− KA √ρKA √ρ),
(84)
then by combining this with Eqs. (68), (79), and (83), one can
obtain
UA(ρ) = 2DH(ρ). (85)
This equation establishes a direct connection between LQU
and the Hellinger distance discord, thereby gives LQU a ge-
ometric interpretation, although it applies only for (2 × n)-
dimensional states.
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By restricting KA to rank-one projectors, Yu et al. (2014)
further defined a measure of quantum correlation for arbitrary
bipartite state as follows
QA(ρ) = min
KA
m∑
i=1
I(ρ,KiA ⊗ 1 B), (86)
where the minimization is taken over the set of KA = {|iA〉〈iA |},
and m is the dimension of HA. The measure QA(ρ) vanishes
if and only if ρ is classical-quantum correlated (i.e., ρ ∈ CQ).
Moreover, it is locally unitary invariant, and is contractive un-
der CPTP map on the unmeasured party B.
Yu et al. (2014) also gave a numerical method for calcu-
lating QA(ρ) which uses the technique of approximate joint
diagonalization. Moreover, for any pure state |ψ〉 and (2 × n)-
dimensional state ρ, analytical solutions of QA(ρ) can be ob-
tained, which equal half ofUA(ρ). For the (d×d)-dimensional
Werner state ρW and isotropic state ρI of the form of Eq. (25),
one has
QA(ρW ) =
d − x −
√
(d2 − 1)(1 − x2)
2(d + 1)
,
QA(ρI) =
1 − 2
√
(d2 − 1)(1 − x)x + (d2 − 2)x
d(d + 1))
.
(87)
7. Negativity of quantumness
The quantumness in a bipartite or multipartite state can also
be quantified by virtue of the amount of entanglement created
between the considered system and the measurement appara-
tus in a local measurement. Streltsov et al. (2011b) made such
an attempt along this line. For a bipartite state ρAB and a mea-
surement apparatus M prepared in an initial state |0M〉, they
proved that the created minimum distillable entanglement be-
tween M and AB equals to the one-way deficit ∆→(ρAB) [see
Eq. (67)], that is,
∆→(ρAB) = min
UMAB
EM:ABD (UMABρMABU
†
MAB
), (88)
where ρMAB = |0M〉〈0M |⊗ρAB,UMAB = UMA⊗1 B andUMA de-
notes only those unitary operators which give
∑
k Π
A
k
ρABΠ
A
k
=
trM(UρMABU
†). Therefore, the above equation establishes a
quantitative connection between discordlike quantum correla-
tion and entanglement.
Nakano et al. (2013) further proposed several discordlike
measures of quantumness by using this approach. First, they
introduced the measurement interaction VA 7→AA′ described by
a linear isometry from A to a bipartite system AA′, i.e.,
VA 7→AA′ |ai〉 = |ai〉|i′〉, ∀i, (89)
with {|ai〉} being the basis of system A, and {|i′〉} is the com-
putational basis of system A′. Then, for any N-partite system
described by density operator ρA (we denote A = A1A2 . . . AN
for short) and the chosen subsystems Σ ⊆ {A1A2 . . . AN} for
which the measurements are performed, the corresponding
premeasurement state reads
ρ˜Ξ =
(⊗
i∈Σ
Vi7→ii′
)
ρA
(⊗
i∈Σ
Vi7→ii′
)†
, (90)
where Ξ = A ∪ Σ′.
By using negativity as a measure of entanglement
(Vianna and Werner, 2002), Nakano et al. (2013) defined neg-
ativity of quantumness as the minimum entanglement created
between the system and the apparatus, that is,
QΣN (ρA) ≔ min
ρ˜Ξ
NA:Σ′(ρ˜Ξ), (91)
where the minimization is taken over all possible ρ˜Ξ obtained
with different choice of basis for the system A. This mea-
sure is showed to be nonnegative for any ρA, and vanishes if
and only if ρA is classical on the subsystems Σ to be mea-
sured. When Σ = {k1, k2, . . . , kn} (n < N), QΣN (ρA) is said to
be the partial negativity of quantumness and is equivalent to
(Nakano et al., 2013)
QΣN (ρA) = min⊗
k∈Σ Bk
1
2
 ∑
ik1 ,ik2 ,...,ikn
‖ρik1 ,ik2 ,...,ikn ‖1 − 1
 , (92)
where Bk = {|a(k)ik 〉} denotes basis of the kth subsystem, and
ρik1 ,ik2 ,...,ikn = 〈a
(k1)
ik1
a
(k2)
ik2
. . . a
(kn)
ikn
|ρA|a(k1)ik1 a
(k2)
ik2
. . . a
(kn)
ikn
〉. (93)
When Σ = A, one obtains the total negativity of quantumness,
and it is equivalent to (Nakano et al., 2013)
QAN (ρ
A) = min⊗N
k=1
Bk
1
2
(
‖ρA‖l1 − 1
)
, (94)
where the minimization is taken over different choices of fac-
torized basis
⊗N
k=1
Bk and the l1 norm is also calculated in the
same basis.
For the case of bipartite state ρAB with dim A = 2 (i.e., A is
a qubit), Nakano et al. (2013) further showed that
QAN (ρAB) =
1
2
min
ΠA
‖ρAB − ΠA(ρAB)‖1,
=
1
2
min
σ∈CQ
‖ρAB − σ‖1,
(95)
where ΠA = {ΠA
i
} with ΠA
i
= |ai〉〈ai| being the local projective
measurements on A. It implies that the minimization over the
full set of classical-quantum states can be simplified to the
minimization only over the full set of postmeasurement states.
Similarly, the total negativity of quantumness for the above-
mentioned ρAB is given by
QABN (ρAB) =
1
2
min
ΠA⊗ΠB
‖ρAB − ΠA ⊗ ΠB(ρAB)‖l1 ,
=
1
2
min
σ∈CC
‖ρAB − σ‖l1
(96)
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where the local projective measurementsΠA ⊗ΠB are defined
with respect to the factorized basis BA ⊗ BB, and the l1 norm
in the first line is also calculated with the same basis, while
that in the second line is calculated with respect to the eigen-
basis of σ (if the eigenbasis are degenerate then it is chosen
optimally to minimize the distance by default).
For certain special ρAB, analytical solutions of Q
A
N (ρAB) and
QABN (ρAB) can be obtained. For example, for the two-qubit ρAB
with ρA = 1 2/2, one has Q
A
N (ρAB) = int{s1, s2, s3}/2, where
si is the singular value of R = (ri j) with ri j = tr(ρABσi ⊗ σ j).
If ρAB belongs to the Bell-diagonal states, one can further ob-
tain QABN (ρAB) = int{s1, s2, s3}/2. Moreover, for Werner states
and isotropic states given in Eq. (25), one has (Nakano et al.,
2013)
QAN (ρW ) = Q
AB
N (ρW) =
|dx − 1|
2(d + 1)
,
QAN (ρI) = Q
AB
N (ρI) =
|d2x − 1|
d + 1
.
(97)
B. Measurement-induced nonlocality
Apart from the various Bell-type nonlocality widely stud-
ied in the literature (Genovese, 2005), the nonlocality of a
system can also be studied from other aspects. One typical
research direction in recent years is initialized by Luo and Fu
(2011), who proposed the notion of MIN. In this subsection,
we will review in detail various geometric measures of them.
They were all defined from the measurement perspective, and
were motivated by those of the discordlike correlation mea-
sures (Modi et al., 2012). We shall focus mainly on the bipar-
tite systems described by the density operator ρ in the Hilbert
spaceHA ⊗HB. But the related concepts and ideas can in fact
be generalized to multipartite systems straightforwardly.
Different from the definitions of GQDs in the above section,
and motivated by the consideration that the state of a bipartite
system may be disturbed by a measurement on one party (say
A) of the considered system, one can define the MIN as the
maximal distance that a state ρ to the set L of locally invariant
quantum states, namely
N(ρ) = max
δ∈L
D(ρ, δ), (98)
where the locally invariant of δ means that δ =
∑
k Π
A
k
ρΠA
k
for
all ΠA = {ΠA
k
} satisfying ∑k ΠAk ρAΠAk = ρA.
By adopting different distancemeasures, one can define dif-
ferent measures of MIN which possess distinct novel charac-
teristics. Moreover, for bipartite state ρ with nondegenerate
reduced state ρA, the MIN measures can readily be obtained
as the optimal measurements Π˜A = {Π˜A
i
} are induced by the
spectral resolutions of ρA =
∑
i p
A
i
Π˜A
i
. But when ρA is de-
generate, an optimization procedure should be performed. In
fact, seeking the optimal measurements in order to extract
various measurement-based correlations (including MIN) is
an important task for characterizing quantumness of a state
(Amico et al., 2012; Hamieh et al., 2004).
1. Hilbert-Schmidt norm of MIN
The notion of MIN was introduced by Luo and Fu (2011).
They used the HS norm as a measure of distance, and defined
the MIN as
NG(ρ) = max
ΠA
‖ρ − ΠA(ρ)‖22, (99)
with ΠA being the locally invariant projective measurements.
NG(ρ) characterizes the maximal global disturbance caused by
the locally invariant measurements, in the sense that it corre-
sponds to the maximal square HS distance between the post-
measurement stateΠA(ρ) and the premeasurement state ρ. The
way for revealing nonlocal feature of a state ρ by doing local
measurements on one of its subsystem is somewhat similar
to the notion of localizable entanglement which was also de-
fined based on local measurements on fixed subsystems of ρ
(Popp et al., 2005; Verstraete et al., 2004).
This MIN measure is showed to have the basic properties:
(i) NG(ρ) > 0, and the inequality holds for any product state.
(ii) it is locally unitary invariant, namely, NG(UABρU
†
AB
) =
NG(ρ), ∀ UAB = UA ⊗ UB. (iii) For the case of nondegenerate
reduced state ρA =
∑
k λk |k〉〈k|, the optimal Π˜A is given by
Π˜A(ρ) =
∑
k |k〉〈k|ρ|k〉〈k|.
For (m × n)-dimensional states of Eq. (27), NG(ρ) is upper
bounded by
∑m2−m
i=1 λi, where λi (i = 1, 2, . . . ,m
2 − 1) denote
the eigenvalues of RRT in nonincreasing order, R = (ri j) with
i, j ≥ 1 is a real matrix.
This MIN measure can be derived analytically for a wide
range of quantum states, which include the pure states, the bi-
partite states ρAB with A being a qubit, certain higher dimen-
sional states with symmetry, as well as certain bound entan-
gled states (Rana and Parashar, 2013) and other special states
with degenerate ρA (Mirafzali et al., 2013). Some of the re-
sults are summarized as follows:
(1) For pure state |ψ〉 with the Schmidt decomposition of
Eq. (11), one has
NG(|ψ〉〈ψ|) = 1 −
∑
k
λ2k . (100)
(2) For bipartite state ρ of Eq. (27) with dimHA = 2, one
has
NG(ρ) =

||R||22 −
1
||~x||2
2
~xTRRT~x if ~x , 0,
||R||22 − λmin(RRT ) if ~x = 0.
(101)
where λmin(RR
T ) denotes the smallest eigenvalue of RRT , and
~x = (r10, r20, r30)
T .
(3) For ρW and ρI of Eq. (25), one has (Luo and Fu, 2010b)
NG(ρW ) =
(dx − 1)2
d(d + 1)(d2 − 1) ,
NG(ρI) =
(d2x − 1)2
d(d + 1)(d2 − 1) .
(102)
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Guo and Hou (2013b) given a necessary and sufficient con-
dition for nullity of the HS norm of MIN. Let ρ be a bipartite
state acting onHA⊗HB, and write ρ = ∑i, j Ai j⊗|iB〉〈 jB| [sim-
ilar to Eq. (46)], they showed that NG(ρ) = 0 if and only if
the Ai js are mutually commuting normal operators, and each
eigenspace of ρA =
∑
i Aii is contained in some eigenspace of
Ai j, ∀ i, j.
Furthermore, it is showed that for a zero-MIN state ρ with
dimHA > 3, any local channel acting on party A cannot create
MIN if and only if either it is a completely contractive channel
or it is a nontrivial isotropic channel (Guo and Hou, 2013b).
For the qubit case this property is an additional characteristic
of the completely contractive channel or the commutativity-
preserving unital channel. That is, MIN can also be created
under local operations and classical communication (LOCC).
2. Trace norm of MIN
Similar to the GQD measured with the HS norm, the flaw
of NG(ρ) is that it is also noncontractive under CPTP maps.
Explicitly, it can be increased or decreased by trivial local re-
versible operations on the unmeasured party B. For example,
a map EB(ρ) = ρ ⊗ ρC leads to NG(ρA:BC) = NG(ρ)tr(ρC)2. As
the purity trρ2
C
≤ 1, this equality means that the MIN is de-
creased by simply introducing an uncorrelated local ancillary
system. As a matter of fact, the flaw of the HS norm of MIN,
being noncontractive under CPTP maps, is the same flaw for
every HS norm measure of correlation. Despite this flaw, the
MIN defined originally using the HS norm, in particular its
motivation, inspires one to introduce most of the subsequent
MIN measures.
Motivated by using the trace norm to measure GQD
(Paula et al., 2013a), Hu and Fan (2015a) proposed that this
norm can also be used to measure MIN, with the explicit ex-
pression
NT (ρ) = max
ΠA
‖ρ − ΠA(ρ)‖1. (103)
This definition, although amends slightly the definition of Eq.
(98), avoids successfully its non-contractivity problem. One
can show that NT (ρ) is nonincreasing under any CPTP map
EB (Hu and Fan, 2015a), i.e., NT (ρ) ≥ NT (EB[ρ]). The proof
is as follows: Let Π¯A be the optimal measurement for ob-
taining NT (ρ), and Π˜
A be the optimal measurement for ob-
taining NT (EB[ρ]), then as EB and Π˜A commute, we obtain
Π˜A(EB[ρ]) = EB(Π˜A[ρ]), and therefore
NT (ρ) = ‖ρ − Π¯A(ρ)‖1
≥ ‖ρ − Π˜A(ρ)‖1
≥ ‖EB(ρ) − EB(Π˜A[ρ])‖1
= NT (EB[ρ]),
(104)
where the first inequality comes from the fact that Π˜A , Π¯A in
general, and the second inequality is due to the contractivity
of the trace norm under CPTP map. Therefore, NT (ρ) circum-
vents successfully the problem incurred for NG(ρ).
In purse of the analytical solutions of NT (ρ), some main
results are as follows:
(1) For (2 × n)-dimensional state |ψ〉 with the Schmidt de-
composition of Eq. (11), one has NT (|ψ〉〈ψ|) = 2
√
λ1λ2.
(2) For two-qubit state ρ decomposed as Eq. (27), with the
addition ri j = 0 for i , j, we have
NT (ρ) =

√
χ+ +
√
χ−
||~x||1 if ~x , 0,
2max{|r11|, |r22|, |r33|} if ~x = 0,
(105)
where the corresponding parameter are
χ± = α ± 4
√
β|~x|, α = |~r|2|~x|2 − |~r · ~x|2,
~r = (r11, r22, r33), β =
∑
〈i jk〉
x2i r
2
j jr
2
kk,
(106)
and the summation in the second line of the above equation
runs over all the cyclic permutations of {1, 2, 3}.
(3) For ρW and ρI of Eq. (25), solutions of the the trace
norm MIN are given, respectively, by
NT (ρW ) =
|dx − 1|
d + 1
, NT (ρI) =
2|d2x − 1|
d(d + 1)
, (107)
and by comparing them with Eq. (102), one can see that for
the present cases, the twoMINmeasuresNG andNT give qual-
itatively the same descriptions of nonlocality.
3. Bures distance of MIN
By changing the maximization of Eq. (54), one can define
the Bures distance of MIN as follows (Hu and Fan, 2015a)
NB(ρ) = max
ΠA
{1 −
√
F(ρ,ΠA(ρ)}, (108)
where ΠA is still the locally invariant measurements on party
A, and F(ρ, σ) is the Uhlmann fidelity defined in Eq. (52).
Compared with the former two measures of MIN, the cal-
culation of the present MIN is more complicated. But when
A is a qubit, the minimum Uhlmann fidelity Fmin(ρ,Π
A[ρ]) =
minΠA F(ρ,Π
A[ρ]) can be calculated via Eq. (56), with how-
ever, the maximization being replaced by the minimization.
For Bell-diagonal state ρBell of Eq. (34), its square root can
be derived explicitly, from which Fmin(ρ
Bell,ΠA[ρBell]) can be
calculated as
Fmin =
1
2
(
1 +min
{θ,φ}
√
b2
3
+ (b2
13
+ b2
21
sin2 φ) sin2 θ
)
, (109)
where b2
i j
= b2
i
− b2
j
, bi = 8(t
2
0 + t
2
i
) − 1 (i = 1, 2, 3), and by
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writing csum = c1 + c2 + c3, we have
t0 =
1
8
√
1 − csum + 1
8
3∑
k=1
√
1 + csum − 2ck,
ti = − 1
8
√
1 − csum + 1
8
3∑
k=1
√
1 + csum − 2ck
− 1
4
√
1 + csum − 2ci.
(110)
From Eq. (110) one can see that Fmin equals to (1 + |b1|)/2
if |b1| 6 min{|b2|, |b3|}, (1 + |b2|)/2 if |b2| 6 min{|b1|, |b3|}, and
(1 + |b3|)/2 otherwise.
4. Relative entropy of MIN
The relative entropy can also be recognized as a (pseudo)
distance measure of quantum states, though technically it does
not has a geometric interpretation as it is not symmetric, i.e.,
S (ρ‖σ) , S (σ‖ρ) in general. It has been used to define the rel-
ative entropy of discord and quantum dissonance (Modi et al.,
2010).
Xi et al. (2012) introduced the relative entropy of MIN as
NR(ρ) = max
ΠA
S (ρ||ΠA[ρ]), (111)
where ΠA(ρ) =
∑
iΠ
A
i
ρΠA
i
, and {ΠA
i
} is the set of locally in-
variant projective measurements.
This MIN measure has been showed to be well defined. It
possesses the same basic properties (i), (ii), and (iii) as that
of the HS norm of MIN. Furthermore, NR(EB[ρ]) ≤ NR(ρ) for
any CPTP map EB on the unmeasured party B (Hu and Fan,
2012a). It is also intimately related to the HS norm of MIN,
NE(ρ) ≥ N2G(ρ)/(2 ln 2) (Xi et al., 2012).
It vanishes for the classical-quantum state χ with nonde-
generate reduced density operator χA = trBχ, or for χ with
degenerate χA and ρ
B
k
= ρB
l
(∀ k, l), see Eq. (15). More-
over, it is lower bounded by −S (A|B) and upper bounded by
min{I(ρ), S (ρA)}, with S (A|B) = S (ρ) − S (ρB) the conditional
entropy (Hu and Fan, 2012a). For ρBell of Eq. (34), analytical
solution of it is given by
NR(ρ
Bell) =1 + H
(
1 + c−
2
)
+
1 − csum
4
log2
1 − csum
4
+
3∑
k=1
1 + csum − 2ck
4
log2
1 + csum − 2ck
4
,
(112)
with H(·) being the binary Shannon entropy function.
The measure NR(ρ) is equivalent to that of the entropicMIN
defined as the maximal discrepancy between QMI of the pre-
and post-measurement states as (Hu and Fan, 2012a)
NE(ρ) = I(ρ) −min
ΠA
I[ΠA(ρ)], (113)
where I(ρ) is the QMI given by Eq. (1).
This MIN quantifies in fact, the maximal loss of total corre-
lations under locally non-disturbingmeasurementsΠA. More-
over, as ρ and ΠA(ρ) have the same reduced states, NE(ρ) de-
fined above is equivalent to
NE (ρ) = max
ΠA
S (ΠA[ρ]) − S (ρ). (114)
Thus, this measure of MIN quantifies also the maximal incre-
ment of von Neumann entropy induced by ΠA. Moreover, as
the entropy of a state measures how much uncertainty there is
in it, NE(ρ) can also be interpreted as the maximal increment
of our uncertainty about the considered system induced by the
locally invariant measurements.
5. Skew information measure of MIN
Apart from measuring uncertainty in a state, the WY skew
information has also been proposed to measure MIN. Its defi-
nition is as follows (Li et al., 2016)
NS I(ρ) = max
K˜A
m∑
i=1
I(ρ, K˜Ai ⊗ 1 B), (115)
which is in some sense dual to the correlation measure given
in Eq. (86), with however the rank-one projectors K˜A = {K˜A
i
}
are restricted to those which do not disturb ρA = trBρ.
This MIN measure is invariant under locally unitary oper-
ations, contractive under CPTP map EB on party B, and van-
ishes for all the product states and the classical-quantum states
with nondegenerate reduced state ρA. For general state the
calculation of NS I(ρ) is difficult. But if we decompose
√
ρ as
Eq. (73), an upper bound can be obtained as follows (Li et al.,
2016)
NS I(ρ) ≤ 1 −
m−1∑
i=1
µi, (116)
with µi (i = 1, 2, . . . ,m
2) being the eigenvalues of ΓΓT listed
in decreasing order (counting multiplicity), and Γ = (γi j) is
the (m2 × n2)-dimensional correlation matrix.
For the pure states ψ = |ψ〉〈ψ|, NS I (ψ) = NG(ψ), while for
the bipartite states ρ with A being a qubit, one has NS I (ρ) =
1 − µ1 if ~u = 0, and
NS I (ρ) = 1 − 1
2
tr

(
1 ~u0
1 −~u0
)
ΓΓT
(
1 ~u0
1 −~u0
)T  , (117)
if ~u , 0. Here, ~u = (u1, u2, u3) with ui = tr(ρAσi)/
√
2, and
~u0 = ~u/|~u|. Moreover, for ρW and ρI of Eq. (34), one has
NS I (ρW) =
1
2
d − xd + 1 −
√
d − 1
d + 1
(1 − x2)
 ,
NS I (ρI) =
1
d
√(d − 1)x −
√
1 − x
d + 1

2
.
(118)
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Similar to the above measure, Wu et al. (2014) introduced
another MIN-like nonlocality measure which was termed as
uncertainty-induced nonlocality. It takes the form
US I (ρ) = max
KA
I(ρ,KA ⊗ 1 B), (119)
where KA is a Hermitian observable with nondegenerate spec-
trum, and [KA, ρA] = 0. This measure is locally unitary invari-
ant, nonincreasing under any CPTP map on the unmeasured
party B. Moreover, it can also be interpreted by the Hellinger
distance via the equality
US I(ρ) = max
KA
d2H(ρ,K
AρKA). (120)
For (2 × n)-dimensional state of Eq. (27), the uncertainty-
induced nonlocality can be obtained explicitly as
US I (ρ) =

1 − λmin(WAB) if ~x = 0,
1 − 1|~x|2 ~x
TWAB~x if ~x , 0,
(121)
where ~x = (r10, r20, r30)
T , and λmin(W) is the smallest eigen-
value of the 3 × 3 matrixWAB, the elements of which is given
by Eq. (81).
6. Generalization of the MIN measures
The MIN measures we reviewed in the above sections re-
veal in fact only partial information about nonlocal features
of a state, as they are defined based on the one-sided locally
invariant measurements, thus those measures are all asymmet-
ric. But a local state with respect to one party may be nonlo-
cal with respect to another party. From this respect of view, it
is significant to extend their definitions to more general case
of two-sided locally invariant measurements. This gives the
symmetric measure of MIN which can be written as
N˜(ρ) = max
δ˜∈L
D(ρ, δ˜), (122)
with δ˜ being the two-sided locally invariant states in the sense
that ΠABδ˜ΠAB = δ˜ (with ΠAB = ΠA ⊗ ΠB) should be satisfied,
and
∑
k Π
A
k
ρAΠ
A
k
= ρA and
∑
k Π
B
k
ρBΠ
B
k
= ρB for any bipartite
state ρ.
As an explicit example, we list the symmetric MIN mea-
sure defined based on the HS norm, i.e., N˜G(ρ) = maxΠAB ‖ρ−
ΠAB(ρ)‖22. This measure is locally unitary invariant, and van-
ishes for the product states. For the pure state ψ = |ψ〉〈ψ|, we
have N˜G(ψ) = NG(ψ) (Guo, 2013). In fact, N˜G(ρ) can also
be extended to N-partite quantum states. The definition can
be written in the same form of Eq. (122), with however the
locally invariant measurements ΠA1 ⊗ ΠA2 ⊗ . . . ⊗ ΠAN , with∑
k Π
Ai
k
ρAiΠ
Ai
k
= ρAi for i = {1, 2, . . . ,N}, and ρAi the reduced
state of the subsystem Ai. But now the evaluation of their an-
alytical expression becomes a hard work.
C. Applications of geometric quantum discord
Up to now, we have presented an overview of the formal
definitions and related formulae of the discordlike correlations
defined via different distances. In general, these measures are
conceptually different, and it is natural to wonder in what con-
text one is more or less useful than the other. As a matter of
fact, these measures capture different characteristic features of
a state, and may have different physical implications and po-
tential applications, e.g., the LQU (equivalent to the Hellinger
distance of discord for any two-qubit state) guarantees a mini-
mum precision of phase estimation (Girolami et al., 2013), the
GQD defined via the relative entropy enables a direct compar-
ison of it with the relative entropy of entanglement, and the
negativity of quantumness can be connected to the negativity
of entanglement. The above correlations defined with differ-
ent distances may play role in different quantum information
protocols, e.g., the HS norm of discord bounds from above fi-
delity of quantum teleportation and remote state preparation.
Moreover, these discordlike correlations may reveal different
aspects of the physical properties of a many-body system, and
this will be discussed in Sec. VII of this review.
1. Quantum teleportation
To teleport a state from one party to another spatially sepa-
rated party, the sender Alice and the receiver Bob should share
a quantum channel ρ, and one can achieve a perfect teleporta-
tion if ρ is maximally entangled (Bennett et al., 1993). How-
ever, entanglement of ρ is the prerequisite but not the only key
elements for accomplishing the teleportation protocol. This is
because for the non-maximally entangled channel, the fidelity
of teleportation is not proportional to the amount of entangle-
ment in ρ, e.g., it has been showed that the purity of ρ is also a
crucial element in determining the quality of the teleportation
protocol (Hu, 2011).
When the channel is composed of a general two-qubit state
ρ as given by Eq. (22), the average teleportation fidelity, based
on the assumption that Bob can perform all kinds of recovery
operations to his qubit, can be derived as F¯ = 1/2+ tr
√
R†R/6
(Horodecki et al., 1996). By considering a normalized version
of the HS norm of discord
D˜G(ρ) =
d
d − 1DG(ρ), (123)
Satyabrata and Subhashish (2012) identified a connection be-
tween an upper bound of D˜G(ρ) and F¯(ρ). The bound of D˜G(ρ)
was derived by using the Weyl’s theorem, and is given by
D˜maxG (ρ) =
1
3
[
‖R2‖ − kmax(RRT )
]
, (124)
where kmax(RR
T ) represents the largest eigenvalue of RRT . As
tr
√
R†R > ‖R2‖, one can show that
F¯(ρ) >
1 + D˜max
G
(ρ)
2
. (125)
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On the other hand, by using the relations 3F¯(ρ) −
2 ≤ N(ρ) (Verstraete and Verschelde, 2002) and N2(ρ) ≤
D˜G(ρ) (Girolami and Adesso, 2011) for all two-qubit states,
with N(ρ) being an entanglement measure called negativity
(Vianna and Werner, 2002), one can obtain
F¯(ρ) 6
2 +
√
D˜G(ρ)
3
. (126)
These two equations show that the GQD bounds the average
teleportation fidelity. But a direct quantitative connection be-
tween the various discordlike quantum correlation measures
and F¯ does not exist.
2. Remote state preparation
Remote state preparation (RSP) is a quantum protocol for
remotely preparing a quantum state by LOCC (Bennett et al.,
2001). To accomplish this task, the two participants, Alice
and Bob, also need to share a correlated channel. But differ-
ent from the protocol of quantum teleportation (Bennett et al.,
1993), Alice knowswhat state to be transmitted in advance, so
the amount of required classical information can be reduced.
If the shared state is maximally entangled, one can accom-
plish a perfect state preparation. Otherwise, the fidelity of the
protocol may be reduced. Dakic´ et al. (2012) considered such
a problem. They considered the channel to be a general two-
qubit state of the form of Eq. (22), and Alice wants to prepare
a qubit state ρ(~s) = (I + ~s · σ)/2 with the Bloch vector ~s in
the plane orthogonal to the direction ~β. To this purpose, she
performs the local measurements ΠAα = [I + α~α · ~σ]/2 along
the direction ~α and informs Bob of her outcome α = ±1. The
Bloch vector of Bob’s state can then be obtained as
~yα =
~y + αRT~α
1 + α~x · ~α. (127)
If Alice’s outcome is α = −1, Bob applies a π rotation about
~β to his system, whereas no operation is required for α = 1.
After these conditional operations, the Bloch vector of Bob’s
resulting state becomes the following mixture
~r = p+~y+ + p−R(π)~y−. (128)
where pα = (1 + α~α · ~x)/2 is the probability for Alice’s mea-
surement outcome α.
To evaluate the efficiency of the RSP protocol, Dakic´ et al.
(2012) defined the payoff-function P = (~r · ~s)2 which is pro-
portional to the fidelity F = tr[ρ(~r)ρ(~s)] = (1 + ~r · ~s)/2. For
the present case, P can be derived explicitly as
P = (~αTR~s)2 =
3∑
j=1
[α j(r j1s1 + r j2s2 + r j3s3)]
2, (129)
and by optimizing over Alice’s choice of ~α, one can obtain
Popt =
3∑
j=1
(r j1s1 + r j2s2)
2. (130)
Finally, the expected payoff is averaged over the distribu-
tion ~s and minimized over all possible choices of ~β. The cor-
responding RSP-fidelity is given by
F = 1
2
(E2 + E3), (131)
where E1 > E2 > E3 are the eigenvalues of R
TR arranged in
nonincreasing order. Clearly, F vanishes if and only if E2 =
E3 = 0, which corresponds to a zero-discord state.
Moreover, if the local Bloch vector ~x of ρAB is parallel to
the eigenvector corresponding to largest eigenvalue of RTR,
the HS norm of discord is given by DG = F /2 (Dakic´ et al.,
2012), which endows the GQD an operational interpretation.
Note that the nonvanishing GQD in the channel state is a
necessary but not sufficient condition for RSP, as it has been
found that there are discordant states which yields zero RSP-
fidelity, e.g., the family of two-qubit states described by the
real density matrix with ρ11 − ρ22 = ρ44 − ρ33, ρ14 = ρ23 = 0,
and ρ12 = ρ13 = ρ24 = ρ34 (Giorgi, 2013).
3. Phase estimation
Girolami et al. (2013) considered a phase estimation task
in which a bipartite state ρ is utilized as a probe. In this task,
a local unitary operation Uφ is performed on subsystem A of
this system, therefore an unknown phase φ is encoded to it and
ρ is transformed to ρφ = (Uφ ⊗ 1 )ρ(U†φ ⊗ 1 ). One’s goal is to
estimate as precisely as possible the parameter φ. For a given
probe state ρ, one can optimize the measurements performed
on ρφ to achieve the Crame´r-Rao bound (Giovannetti et al.,
2011)
Var(φ˜best) =
1
NF (ρφ) , (132)
where Var(φ˜best) is the variance of the best unbiased estimator
φ˜best, N is the times of independent measurements, and
F (ρφ) = tr(ρφL2φ), (133)
is the quantum fisher information, with Lφ being the symmet-
ric logarithmic derivative determined by
∂ρφ
∂φ
=
1
2
(Lφρφ + ρφLφ). (134)
For the above phase estimation task, Girolami et al. (2013)
proved that
Var(φ˜best) ≤ 1
4NUΛ
A
(ρ)
, (135)
hence the inverse of the LQU limits the achievable precision
of the estimated phase parameter φ. This gives an operational
interpretation of the LQU.
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III. QUANTUM COHERENCE MEASURES
Different from quantum correlations which are defined in
the framework of bipartite and multipartite scenarios, quan-
tum coherence is related to the characteristics of the whole
system. In general, the starting point for the resource theo-
retic characterization of a quantum character, e.g., quantum
entanglement (Horodecki et al., 2009) and QD (Modi et al.,
2012), is the identification of free states which can be created
at no cost and free operations which transform any free state
into free state.
In a manner similar to the resource framework of entangle-
ment where the free states are identified as those of the separa-
ble one and the free operations are specified by the LOCC, the
set I of free states for quantum coherence encompasses those
of the incoherent states which are diagonal in the prefixed
reference basis {|i〉}d
i=1
, and take the form (Baumgratz et al.,
2014)
δ =
d∑
i=1
δi|i〉〈i|, (136)
for a d-dimensional Hilbert space.
Within the framework of Baumgratz et al. (2014), the set
of free operations are those of the incoherent operations (IO)
which can be specified by the Kraus operators {Ki} satisfying∑
i K
†
i
Ki = 1 . Based on the measurements with and without
subselection, Baumgratz et al. (2014) further identified two
different classes of IO:
(A) The incoherent completely positive and trace preserv-
ing (ICPTP) operations which act as Λ(ρ) =
∑
i KiρK
†
i
. Here,
all Ki are of the same dimension, and should obey the property
KiδK
†
i
/pi ∈ I for arbitrary δ ∈ I, with pi = tr(KiρK†i ) being
the probability for obtaining the result i.
(B) The incoherent operations with subselection for which
the output measurement results are retained. They also require
KiδK
†
i
/pi ∈ I to be satisfied for any δ ∈ I. But the dimension
of Ki may be different, that is, different Ki may corresponds to
different output spaces.
In general, a Kraus operator for an IO can be represented
as Ki =
∑
i ci| f (i)〉〈i|, with the coefficient ci ∈ [0, 1] and f (i) a
function on the index set (Winter and Yang, 2016).
As showed through explicit examples by Shao et al. (2015)
and proved strictly by Yao et al. (2015), the Kraus operators
related to incoherent operationsΛ are very limited. There is at
most one nonzero entry in every column of Ki, and the num-
ber of possible structure of Ki (a legal structure stands for a
possible arrangement of nonzero entries in Ki) is m
n for Ki
being the m × n matrices. Streltsov et al. (2017b) further dis-
cussed the problem relevant to the number of Kraus operators
in a general quantum operation. For a system of dimension d,
it has been found that any IO admits a decomposition with at
most d4+1 Kraus operators. For d = 2 and 3, this number can
be improved to 5 and 39, respectively.
Equipped with the sets of incoherent states and IO,
Baumgratz et al. (2014) presented the defining conditions for
a faithful coherence measure C(ρ) which is a function that
maps state ρ to a nonnegative real value:
(C1) Nonnegativity, i.e., C(ρ) ≥ 0, and C(δ) = 0 iff δ ∈ I.
(C2a) Monotonicity under ICPTP map, C(ρ) ≥ C(Λ[ρ]).
(C2b) Monotonicity under selective IO on average, that is,
C(ρ) ≥ ∑i piC(ρi).
(C3) Convexity under mixing of states, i.e.,
∑
i piC(ρi) ≥
C(
∑
i piρi), with {pi} being the probability distribution.
Note that condition (C2b) is stronger than (C2a), as its com-
bination with (C3) automatically imply (C2a). In general, a
real-valued function C(ρ) is called a coherence measure if it
satisfies the above four conditions. If only the conditions (C1),
(C2a), and (C2b) are satisfied, C(ρ) is usually called a coher-
ence monotone.
A dual notion to incoherent states is the maximally coherent
state, which can serve as a unit for defining coherencemeasure
(Baumgratz et al., 2014). It takes the form
|Ψd〉 = 1√
d
d∑
i=1
|i〉, (137)
for which any other ρ in the same Hilbert space can be gener-
ated with certainty by merely IO on it.
Du et al. (2015) considered problem of general pure states
transformation under IO by using the majorization theory
(Bhatia, 1997). For states |ψ〉 = ∑di=1 ψi|i〉 and |φ〉 = ∑di=1 φi|i〉,
with the parameters {|ψi|} and {|φi|} being arranged in nonin-
creasing order, they proved that |ψ〉 can be transformed to |φ〉
via IO if and only if (|ψ1|2, |ψ2|2, · · · , |ψd|2)T is majorized by
(|φ1|2, |φ2|2, · · · , |φd|2)T , i.e.,
(|ψ1|2, |ψ2|2, · · · , |ψd|2)T ≺ (|φ1|2, |φ2|2, · · · , |φd|2)T . (138)
Moreover, by applying the general unitary incoherent oper-
ations
UI =
∑
j
eiθ j |α j〉〈 j| (139)
on |Ψd〉, with {α j} being a relabeling of { j}, Peng et al. (2016)
found that the complete setM of maximally coherent states is
composed of ρmcs = |Ψmcs
d
〉〈Ψmcs
d
|, with
|Ψmcsd 〉 =
1√
d
∑
j
eiθ j | j〉. (140)
Building upon this, they proposed thatUI are the unique quan-
tum operations that preserve the coherence of a state, and sug-
gested an additional condition for a valid coherence measure,
i.e.,
(C4) C(ρ) should assign a maximal value only to ρmcs.
Yu et al. (2016b) proposed an alternative framework for
defining coherence, in which their first two conditions are the
same as (C1) and (C2a), while (C2b) and (C3) are replaced by
one condition, that is, the additivity requirement of coherence
for subspace-independent states. To be precise, for ρ1 and ρ2
in two different subspaces, the amount of coherence contained
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FIG. 3 Different quantum coherence measures. Here, the measures
based on relative entropy, l1 norm, entanglement, intrinsic random-
ness, and the robustness of coherence satisfy all the required condi-
tions, while the others satisfy only partial of them.
in ρ = p1ρ1⊕ p2ρ2 (with p1 and p2 being probabilities) should
be neither more nor less than the average coherence of ρ1 and
ρ2 due to the block-diagonal structure of ρ. Hence, a reason-
able measure of coherence should satisfy the condition
C(p1ρ1 ⊕ p2ρ2) = p1C(ρ1) + p2C(ρ2), (141)
the above condition, together with (C1) and (C2a), have been
showed to be equivalent to the four conditions introduced by
Baumgratz et al. (2014).
While the the set of free or incoherent states is widely ac-
cepted, there is no general consensus on the set of free op-
erations in the resource theory of coherence. Apart from the
above mentioned IO, there are other forms of free operations
being introduced based on different physical or mathematical
motivations up to date. Three typical ones are as follows:
(1) Maximally incoherent operations (MIO). It refers to the
set of physically realizable quantum operationsΦwhich maps
incoherent states into incoherent states, i.e., Φ(I) ∈ I (Aberg,
2006). Obviously, this is the most general class of operations
which do not create coherence from incoherent states.
(2) Dephasing-covariant incoherent operations (DIO). The
relevant set of it is a subset of MIO with the addi-
tional property [∆,Φ] = 0 (Chitambar and Gour, 2016a,b;
Marvian and Spekkens, 2016). That is, it admits Λ[∆(ρ)] =
∆[Λ(ρ)].
(3) Strictly incoherent operations (SIO). This type of op-
erations also admit an incoherent Kraus decomposition {Ki}
for which not only Ki but also K
†
i
(∀ i) is incoherent
(Winter and Yang, 2016). That is, ∆(KiρK
†
i
) = Ki∆(ρ)K
†
i
,
where
∆(ρ) =
∑
i
〈i|ρ|i〉|i〉〈i|, (142)
denotes full dephasing of ρ in the basis {|i〉}d
i=1
. It is the most
general class of operations which do not use coherence, and
admits a decomposition with at most min{d4 + 1,∑dk=1 d!/(k−
1)!} Kraus operators (Streltsov et al., 2017b) .
The inclusion relation of the above free operations are given
by SIO ⊂ IO ⊂ MIO and SIO ⊂ DIO ⊂ MIO.
The definitions of incoherent state δ and maximally coher-
ent state |Ψd〉 imply that the related coherence measure will
be a basis dependent quantity. This is because any density op-
erator can be diagonalized in the reference basis spanned by
its eigenvectors, hence casting a doubt on the rationality of
this framework. But the recent progresses, particularly those
studied from an operational perspective, still yields physically
meaningful results. Moreover, in practice the reference basis
are usually chosen according to the physical problem under
consideration. All these indicate that the study of coherence
measure has its own irreplaceable role.
Up to now, there are a number of quantum coherence mea-
sures being proposed in the literature (see Fig. 3), where some
of them satisfy the defining conditions, while the others sat-
isfy only partial of these conditions. We review them in detail
in the following.
A. Distance-based measures of coherence
With the advent of quantum information science, geometric
approaches are used to treat a huge class of problems such
as the characterization and quantification of various quantum
features. Analogously to the resource theory of entanglement
for which the free operations are described by LOCC, the free
states correspond to the separable states, and the entanglement
can be defined by a distance between the considered state and
the set of separable states, it is natural to quantify coherence
of a state by utilizing a distance measure because coherence is
also placed in a resource theoretic framework. To be explicit,
one can quantify the amount of coherence contained in a state
ρ by using the minimal distance between ρ and the set I of
incoherent states, i.e.,
CD(ρ) = min
δ∈I
D(ρ, δ), (143)
where D(ρ, δ) denotes certain distance measures of quantum
states.
By its definition of Eq. (143), the condition (C1) is fulfilled
for the distance measure which gives D(ρ, δ) = 0 if and only
if ρ = δ, while (C2a) can be fulfilled when D is monotonous
under the action of CPTP maps, i.e.,D(ρ, δ) ≥ D(Λ[ρ],Λ[δ]).
Moreover, (C3) is also fulfilled if D is jointly convex, i.e.,
D(∑i piρi,∑i piσi) ≤ ∑i piD(ρi, σi).
1. Relative entropy of coherence
The relative entropy has been adopted to quantify entangle-
ment, QD, and MIN. Baumgratz et al. (2014) showed that it
can also serve as a valid tool for quantifying coherence. To be
explicit, they defined
Cr(ρ) = min
δ∈I
S (ρ‖δ) = S (ρdiag) − S (ρ), (144)
where ρdiag denotes the diagonal part of ρ.
This is an entropic measure of coherence which has a clear
physical interpretation, as Cr(ρ) equals to the optimal rate of
the distilled maximally coherent states by IO in the asymptotic
limit of many copies of ρ (Winter and Yang, 2016).
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For the one-qubit state ρ = (1 2 + ~r · ~σ)/2, with ~r ∈ R3 and
|~r| ≤ 1, and ~σ = (σ1, σ2, σ3) is the vector of Pauli matrices, if
one chooses the reference basis as the eigenbasis of nˆ · ~σ (nˆ is
a unit vector in R3), then
Cr(ρ) = H
(
1 + ~r · nˆ
2
)
− H
(
1 + ~r
2
)
, (145)
and H(·) is the binary Shannon entropy function.
For the two-qubit Bell-diagonal states of Eq. (34),
Bromley et al. (2015) found that the closest incoherent state
δ with respect to the bona fide distance measure of coherence
(e.g., the relative entropy of coherence) is still a Bell-diagonal
state with vanishing local Bloch vectors along x and y direc-
tions, and for the particular case of c2 = −c1c3, δ reduces to
the diagonal part of ρBell.
Hu and Fan (2017) and Yao et al. (2016b) studied maximal
coherence of a state ρ under generic reference basis. When the
dimension of ρ is d, they showed that the maximal coherence
is given by
Cmaxr (ρ) = log2 d − S (ρ). (146)
Yao et al. (2016b) also derived the corresponding unitary op-
erator which transforms the computational basis to the optimal
basis such that the maximalCmaxr (ρ) is obtained. It is given by
U = VH†, with the column vectors of V being the eigenvec-
tors of ρ, and H is the rescaled complex Hadamard matrices.
In fact, the Fourier matrix (a subset of the complex Hadamard
matrices) Fd with elements [Fd]µν = e
i2πµν/d/
√
d is suffice for
this purpose.
2. l1 norm of coherence
Intuitively, the superposition corresponds to the nonvanish-
ing off-diagonal elements of the density operator description
of a quantum state with respect to the selected reference ba-
sis. Starting from this consideration, Baumgratz et al. (2014)
showed that the l1 norm can also serve as a bona fide measure
of coherence. To be explicit, they defined it as
Cl1(ρ) = min
δ∈I
‖ρ − δ‖l1 =
∑
i, j
|〈i|ρ| j〉|, (147)
which equals to sum of the absolute values of the off-diagonal
elements of ρ, and is favored for its ease of evaluation. Apart
from convexity, it also satisfy the inequalityCl1 (p1ρ1+p2ρ2) ≥
|p1Cl1(ρ1) − p2Cl1 (ρ2)| (Dai et al., 2017). Moreover, for any
bipartite pure state |ψ〉AB, the l1 norm of coherence equals to
twice of its negativity which is a measure of quantum entan-
glement (Vianna and Werner, 2002).
For pure state ψ = |ψ〉〈ψ|, a relation between Cl1(ψ) and
Cr(ψ) has also been established (Rana et al., 2016), which is
given by
Cl1 (ψ) ≥ max{Cr(ψ), 2Cr(ψ) − 1}, (148)
where Cl1(ψ) equals to Cr(ψ) if and only if the diagonal el-
ements of ψ are (up to permutation) either {1, 0, . . . , 0} or
{1/2, 1/2, 0, . . . , 0}. It has also been proven that (Rana et al.,
2017)
C2l1(ψ) ≤
d(d − 1)Cr(ψ)√
2
, (149)
where d = rank(ψ) is the rank of ψ. If d > 2, one can further
obtain Cl1 (ψ) − Cr(ψ) ≤ d − 1 − log2 d. Rana et al. (2017)
also proved a sharpest bound of Cr(ψ) in terms of Cl1(ψ) as
follows:
H(α) + (1 − α) log2(d − 1) ≤ Cr(ψ)
≤ H(β) + (1 − β) log2(n − 1),
(150)
where n equals Cl1 + 1 if Cl1 is an integer, and [Cl1] + 2 ([Cl1]
is the integer part of Cl1 ) otherwise. By denoting x = Cl1 + 1,
the other two parameters are given by
α =
2 + (d − 2)(d −Cl1 ) + 2
√
(d − 1)(d − x)x
d2
,
β =
2 + (n − 2)(n −Cl1) − 2
√
(n − 1)(n − x)x
n2
.
(151)
For general states ρ, one has
Cl1 (ρ) ≥ Cr(ρ)/ log2 d. (152)
Rana et al. (2016) have also conjecturedCl1(ρ) ≥ Cr(ρ), but it
was proved only for pure states, single-qubit states, and pseu-
dopure states ρ = pψ + (1 − p)δ (∀δ ∈ I and p ∈ [0, 1]),
while for general case, one can only prove Cl1 (ρ) ≥ 2Cr (ρ) − 1
(Rana et al., 2017), which is somewhat similar to the case for
pure states showed in Eq. (148).
Moreover, for any single-qubit state ρ, by using convexity
ofCr and the inequality 2min{x, 1− x} ≤ H(x) ≤ 2
√
x(1 − x),
∀x ∈ [0, 1], Rana et al. (2017) further proved the following
relation
1 − H
(
1 −Cl1 (ρ)
2
)
≤ Cr(ρ) ≤ H

1 −
√
1 −C2
l1
(ρ)
2

≤ Cl1(ρ),
(153)
where the equality holds when ρ is either incoherent or maxi-
mally coherent.
In fact, any state ρ can be decomposed as
ρ =
1
d
1 d +
1
2
d2−1∑
i=1
xiXi, (154)
where xi = tr(ρXi), and {Xi/
√
2} (X0 = 1 d/
√
d) is the or-
thonormal operator bases forH (e.g., Xi is the Pauli matrices
when d = 2, and the Gell-Mann matrices when d = 3). Then
if one arranges elements of ~X as
~X = {u12, v12, . . . , ud−1,d, vd−1,d,w1, . . . ,wd−1}, (155)
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with the elements
u jk = | j〉〈k| + |k〉〈 j|, v jk = −i(| j〉〈k| − |k〉〈 j|),
wl =
√
2
l(l + 1)
l∑
j=1
(| j〉〈 j| − l|l + 1〉〈l + 1|), (156)
where j, k ∈ {1, 2, . . . , d} with j < k, l ∈ {1, 2, . . . , d − 1} (the
symbol i in v jk is the imaginary unit), one has (Singh et al.,
2015)
Cl1 (ρ) =
(d2−d)/2∑
r=1
√
x2
2r−1 + x
2
2r
. (157)
By using Eq. (157), Hu and Fan (2017) showed that the max-
imal Cl1 (ρ) under generic basis is upper bounded by
Cmaxl1 (ρ) ≤
√
d2 − d
2
|~x|, (158)
where |~x| is length of the vector (x1, x2, · · · , xd2−1).
3. Trace norm of coherence
Apart from the l1 norm, one may wonder whether the gen-
eral lp and Schatten-pmatrix norm can be adopted for defining
coherence measures. In general, the answer to this question is
negative. For example, Baumgratz et al. (2014) have consid-
ered the HS norm (i.e., p = 2, for which it is also known as
the Frobenius norm) measure of coherence defined as
Cl2 (ρ) = min
δ∈I
‖ρ − δ‖22 =
∑
i, j
|〈i|ρ| j〉|2, (159)
and showed through an counterexample that it does not satisfy
condition (C2b). Rana et al. (2016) further showed that any
coherence measure defined via the lp norm or the Schatten-p
norm with p ≥ 2 violates (C2b).
For the case of p = 1 which corresponds to the trace norm
(i.e., the Schatten-1 norm), if one defines
Ctr(ρ) = min
δ∈I
‖ρ − δ‖1, (160)
with ‖M‖1 = tr
√
M†M denoting the trace norm of the ma-
trix M, the conditions (C1), (C2a), and (C3) for Ctr(ρ) to be
a proper coherence measure have been proven, but the work
of Yu et al. (2016b) showed that the condition of Eq. (141)
may be violated, thus proved it not to be a proper coherence
measure.
For certain special classes of states, e.g., ρ of one qubit or
having possible nonzero elements along only the main diag-
onal and anti-diagonal (i.e., the X states), Ctr(ρ) has already
been proven to be a coherence monotone, and the correspond-
ing optimal incoherent state is given by ρdiag (Bromley et al.,
2015). Moreover, for the state ρ with all of its non-diagonal
elements equal to each other, i.e., ρi j = a (∀i , j), the trace
norm of coherence can be derived analytically as
Ctr(ρ) = 2(d − 1)|a|, (161)
where d = dim ρ, and the closest incoherent state is δ⋆ =
ρdiag (Wang et al., 2016c). For a restricted family of SIO
(Winter and Yang, 2016), i.e., those of the SIO whose Kraus
operators are (2×d)-dimensional, the trace norm of coherence
for this family of ρ was also showed to satisfy the four condi-
tions for a reliable quantum coherence measure (Wang et al.,
2016c). But its monotonicity under general IO may does not
hold.
When restricted to pure states |ψ〉, it is possible to identify
structure of the optimal incoherent state under the trace norm
of coherence. As for any pure state |ψ〉, one can find a diago-
nal unitary matrix U and a permutation matrix P which gives
PU |ψ〉 = |x〉, with entries x1 ≥ · · · ≥ xd ≥ 0, the calculation
can be performed to |x〉 only. By using the approximation the-
ory, Chen et al. (2016a) found that |Ψd〉 of Eq. (137) is the
unique state that maximizing the trace norm of coherence, for
which Cmaxtr = 2(1 − 1/d). The optimal incoherent state to
|x〉 and the corresponding trace norm of coherence are given,
respectively, by
δopt = diag{α1, · · · , αk, 0, · · · , 0},
Ctr(|x〉〈x|) = 2(qksk + mk),
(162)
where
αi =
xi − qk
sk − kqk , (163)
and k is the maximum integer satisfying
xk > qk ≔
1
2ksk
(
pk +
√
p2
k
+ 4kmks
2
k
)
, (164)
with the parameters
sl =
l∑
i=1
xi, ml =
d∑
i=l+1
x2i , pl = s
2
l − lml − 1 (165)
for all l ∈ {1, 2, · · · , d}.
To avoid the perplexity for Ctr(ρ) of Eq. (160), i.e., the
non-monotonicity of the trace norm of coherence under gen-
eral incoherent operations, Yu et al. (2016b) further proposed
a modified version of trace norm of coherence by introducing
a control parameter λ, and defined it as
C′tr(ρ) = min
λ≥0,δ∈I
‖ρ − λδ‖1, (166)
and proved that it satisfies the conditions (C1), (C2a) and Eq.
(141), that is to say, it satisfies all the conditions for a reliable
measure of quantum coherence. As its relation with other co-
herence measures, we have
C′tr(ρ) ≤ Ctr(ρ) ≤ Cl1(ρ), (167)
23
where the first inequality is obvious from their definitions in
Eq. (160) and (166), and the second one is due to ‖ · ‖1 ≤ ‖ · ‖l1
for any Hermitian operator.
For one-qubit state, C′tr(ρ) = Ctr(ρ) = Cl1 (ρ), and the
optimal parameter λ⋆ = 1 and the optimal δ⋆ = ρdiag
(Bromley et al., 2015; Chen and Fei, 2018). For general state
ρ, determination of the analytical solution ofC′tr(ρ) is possible
only for certain special family of states. For example, the class
of maximally coherent mixed states (MCMS) with respect to
the l1 norm of coherence, up to incoherent unitaries, is given
by (Singh et al., 2015)
ρmcms =
1 − p
d
1 + p|Ψd〉〈Ψd |, (168)
for which the modified trace norm of coherence can be ob-
tained analytically as C′tr(ρmcms) = p, with the optimal λ
⋆ =
1 − p and δ⋆ = 1 d/d.
B. Entanglement-based measure of coherence
In a way analogous to the entanglement activation via lo-
cal von Neumann measurements (Streltsov et al., 2011b), one
can also introduce the operational coherencemeasure with the
help of IO.
Given a system S in the state ρS and an ancilla A initial-
ized in the pure state |0A〉, Streltsov et al. (2015) considered
incoherent operations ΛS A on the combined system S A. By
denoting ED = minχ∈SD(ρ, χ) a distance-based entanglement
monotone and CD the corresponding coherence monotone as
given in Eq. (143), with D any contractive distance measure
of quantum states and S the set of separable states, they found
that the generated entanglement ES :AD is bounded from above
by
ES :AD (Λ
S A[ρS ⊗ |0A〉〈0A|]) ≤ CD(ρS ), (169)
which means that when ρS is incoherent, the IO cannot gener-
ate entanglement between S and A.
Particularly, when D is the relative entropy and dA ≥ dS
with dA,S = dimHA,S , then there always exists an incoherent
operation (i.e., the generalized cnot operation)
Ucnot =
dS−1∑
i=0
dS −1∑
j=0
|i, i ⊕ j〉S A〈i j| +
dS−1∑
i=0
dA−1∑
j=dS
|i j〉S A〈i j|, (170)
where ⊕ represents addition modulo dS . This unitary opera-
tion maps the state ρS ⊗ |0A〉〈0A| to
ΛS A[ρS ⊗ |0A〉〈0A|] =
∑
i j
ρSi j|i j〉S A〈i j|, (171)
and henceforth Eq. (169) is saturated:
ES :Ar (Λ
S A[ρS ⊗ |0A〉〈0A|]) = Cr(ρS ), (172)
which can be proved immediately by Eq. (169) and the lower
bound −S (A|S ) of ES :Ar (ρS A), where S (A|S ) is the conditional
entropy. Then, Streltsov et al. (2015) proposed to define co-
herence of ρS as the maximal entanglement of S A generated
by IO, that is,
CE(ρ
S ) = lim
dA→∞
{sup
ΛS A
ES :A(ΛS A[ρS ⊗ |0A〉〈0A|])}, (173)
with E being an arbitrary entanglement measure, and CE will
satisfy the four conditions of Baumgratz et al. (2014) if E is
convex as well.
For the geometric measure of entanglement Eg(ρ) = 1 −
maxσ∈S F(ρ, σ) [see also Eq. (12)] (Streltsov et al., 2010a),
the associated coherence measure can be evaluated as
Cg(ρ) = 1 −max
δ∈I
F(ρ, δ), (174)
and for ρ of single-qubit state,
Cg(ρ) =
1
2
(
1 −
√
1 − 4|ρ12|2
)
, (175)
which is an increasing function of Cl1 (ρ) = 2|ρ12|.
Moreover, for pure state ψ = |ψ〉〈ψ|, as F(ψ, σ) = |〈ψ|σ|ψ〉|,
we have
Cg(ψ) = 1 −max
i
{ψii}, (176)
with ψii being the diagonal elements of ψ. For general mixed
states, the calculation of Cg(ρ) is formidably difficult, hence
derives some bounds of it is significant. By using the rela-
tions among fidelity F(ρ, σ), sub-fidelity E(ρ, σ), and super-
fidelity G(ρ, σ), Zhang et al. (2017a) obtained lower and up-
per bounds of Cg(ρ). The sub-fidelity and super-fidelity were
defined as (Miszczak et al., 2009)
E(ρ, σ) = tr(ρσ) +
√
2[(tr(ρσ))2 − tr(ρσρσ)],
G(ρ, σ) = tr(ρσ) +
√
(1 − trρ2)(1 − trσ2),
(177)
and based on the relation E(ρ, σ) ≤ F(ρ, σ) ≤ G(ρ, σ) (the
equality holds for one-qubit state or at least one of ρ and σ is
pure), they found
1 − 1
d
− d − 1
d
√
1 − d
d − 1
(
trρ2 −
∑
i
ρ2
ii
)
≤ Cg(ρ) ≤ min
{
1 −max
i
{ρii}, 1 −
∑
i
b2ii
}
,
(178)
where bii is related to the square root of
√
ρ =
∑
i j bi j|i〉〈 j|.
C. Convex roof measure of coherence
1. Intrinsic randomness of coherence
In the framework of quantum theory, measurement of quan-
tum states induce intrinsically random outputs in general, and
this randomness indicates genuine quantumness of a system.
Based on this consideration, Yuan et al. (2015) proposed a
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convex roof measure for coherence, which has been proved
to satisfy the four conditions of Baumgratz et al. (2014). We
call it intrinsic randomness of coherence.
For pure states ψ = |ψ〉〈ψ|, the intrinsic randomness can be
quantified by Shannon entropy of the probability distribution
{pi} of the measurement outcomes which reads
RI(ψ) = H({pi}) = −
∑
i
pi log2 pi, (179)
with H({pi}) denotes the Shannon entropy of the probability
distribution {pi}, with pi = tr(Eiψ) and {Ei} is the set of mea-
surement operators. RI characterizes also the degree of un-
certainty related to the measurement outcomes, namely, the
outcomes that cannot be predicted by blindly guessing. When
restricted to projective measurements for which Ei = |i〉〈i|
with {|i〉} the reference basis, the right-hand side of Eq. (179)
is S (ψdiag), henceforth, the intrinsic randomness RI(ψ) equals
the relative entropy of coherenceCr(ψ).
For general case of mixed states ρ, Yuan et al. (2015) de-
fined the intrinsic randomness RI(ρ) by utilizing convex roof
construction, that is,
RI(ρ) = min{pi ,ψi}
∑
i
piRI(ψi), (180)
where
∑
i pi = 1, ψi = |ψi〉〈ψi|, and the minimum is taken over
all possible pure state decompositions of ρ given in Eq. (13).
Eq. (180) establishes a convex roof definition of quantum
coherence, which bears some resemblance with the convex
roof measures of entanglement such as entanglement of for-
mation E f (ρ) = min{pi ,ψi〉
∑
i piS (trBψi) and the geometric en-
tanglement Eg(ρ) = min{pi ,ψi}
∑
i piEg(ψi). It was also termed
as superposition of formation by Aberg (2006), and coherence
of formation by Winter and Yang (2016).
Apart from pure states, RI(ρ) is analytically computable for
one-qubit states, i.e.,
RI(ρ) = H

1 +
√
1 − C2z (ρ)
2
 , (181)
where Cz(ρ) = 2|ρ12| is termed as coherence concurrence, as
it is given by
Cz(ρ) = |λ1 − λ2|, (182)
with λi being square roots of the eigenvalues of the product
matrix
R = ρσxρ
∗σx, (183)
where ρ∗ is the conjugation of ρ, and σx is the first Pauli ma-
trix.
2. Coherence concurrence
Using the fact that any ρ can be decomposed as Eq. (154),
Qi et al. (2016) found that the l1 norm of coherence for ρ is
equivalent to
Cl1 (ρ) =
∑
j<k
∣∣∣∣∣
√
η
jk
1
−
√
η
jk
2
∣∣∣∣∣, (184)
where η
jk
1
and η
jk
2
are nonzero eigenvalues of the matrix
R jk = ρu jkρ
∗u jk, (185)
and the generalized Gell-Mann matrices {u jk} as given in Eq.
(156). When d = 2, R jk is just that of R given in Eq. (183).
For pure state ψ = |ψ〉〈ψ|, the above equation further gives
Cl1(ψ) =
∑
j<k
|〈ψ|u jk|ψ∗〉|, (186)
which is direct consequence of R jk = |ψ〉〈ψ|u jk|ψ∗〉〈ψ∗|u jk.
Motivated by this fact, Qi et al. (2016) proposed a convex roof
measure of coherence
Ccon(ρ) = min{pi ,ψi}
∑
i
piCl1 (ψi), (187)
where the minimization is with respect to the possible pure
state decompositions of ρ given in Eq. (13). Ccon(ρ) is termed
as coherence concurrence, as it is very similar to the entangle-
ment concurrence given by
CE (ρ) = min{pi ,ψi}
∑
i
piCE(ψi), (188)
with CE(ψi) = [2(1 − trρ2A)]1/2, and ρA = trBψi is the re-
duced density matrix of ψi. For two-qubit state, CE(ρ) is an-
alytically solved as CE(ρ) = max{0, 2λmax − ∑4j=1 λ j} (with
λ js being eigenvalues of ρ(σy ⊗ σy)ρ∗(σy ⊗ σy)), and it is
linked to the entanglement of formation as E f = H([1 + (1 −
C2
E
)1/2]/2), with H(·) being the binary Shannon entropy func-
tion (Bennett et al., 1996; Wootters, 1998).
It can be proved that this measure satisfy all the conditions
(C1), (C2a), (C2b), and (C3) for a reliable measure of quan-
tum coherence. Moreover, it is bounded from below by the l1
norm of coherence, i.e., Ccon(ρ) ≥ Cl1(ρ), which can be de-
rived directly by combining the definition (187) and the con-
vexity of it.
3. Fidelity-based measure of coherence
Liu et al. (2017b) proposed a convex roof measure of co-
herence based on fidelity and showed that it fulfills the four
conditions introduced by Baumgratz et al. (2014). For any
pure state ψ = |ψ〉〈ψ|, it is defined as
CF (ψ) = min
δ∈I
√
1 − F(ψ, δ), (189)
which is very similar toCg(ρ) of Eq. (174), and can be derived
analytically as CF (ψ) = C
1/2
g (ψ) [see Eq. (176)]. For general
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mixed state ρ, it is defined via a convex roof construction, that
is
CF (ρ) = min{pi ,ψi}
∑
i
piCF (ψi), (190)
and the minimization is taken over all the possible pure state
decompositions of ρ, see Eq. (13). Moreover, when ρ is of a
single-qubit state, CF (ρ) = C
1/2
g (ρ), see Eq. (175).
4. The rank-measure of coherence
The Schmidt rank for a pure state and the Schmidt num-
ber which is an extension of the Schmidt rank to mixed states
have been shown to be useful for defining entanglement mea-
sures (Gour, 2005). The Schmidt rank r(ψ) for a (d × d′)-
dimensional pure state ψ = |ψ〉〈ψ| is the number of nonzero
coefficients in its Schmidt decomposition of Eq. (11), and the
Schmidt number for a general (d×d′)-dimensionalmixed state
ρAB is defined as (Terhal and Horodecki, 2000)
r(ρAB) = min{pi ,ψi}
max
i
r(ψi), (191)
where ψi = |ψi〉〈ψi|, and the minimization is taken over all the
pure state decompositions of ρ, see Eq. (13).
In analogous to Schmidt rank and Schmidt number, the co-
herence rank rC(ψ) = rank(ψ) is the number of nonzero co-
efficients αi for a pure state |ψ〉 = ∑i αi|i〉. It can serve as
a coherence measure of ψ. For a general mixed state ρ, Chin
(2017) introduced a convex roof measure of coherence termed
as coherence number. It reads
rC(ρ) = min{pi ,ψi}
max
i
rC(ψi), (192)
where the minimization is taken over the pure state decompo-
sitions of ρ showed in Eq. (13). This is a coherence monotone
under IO, as it satisfies the conditions (C1), (C2a), and (C2b)
of Baumgratz et al. (2014).
It is obvious that rC(|Ψd〉) = d for the maximally incoherent
state |Ψd〉, and rC(δ) = 1 for any incoherent state δ. Of course,
one can also take logarithm to rC(ρ) and define the coherence
monotone as (Zhao et al., 2018)
C0(ρ) = log2 rC(ρ), (193)
and now C0(δ) equals zero when δ is incoherent.
D. Robustness of coherence
Given an arbitrary state ρ on the Hilbert space H , its con-
vex mixture with another state τ on the same space may be
coherent or incoherent. In another word, a proper choice of τ
and weight factor s of mixing may destroy the coherence in
ρ. Based on this fact and stimulated by similar definitions for
various quantum correlation monotones, Napoli et al. (2016)
introduced a new coherencemeasure which was called robust-
ness of coherence (RoC). It is defined as
CR(ρ) = min
τ∈D(Cd)
{
s ≥ 0
∣∣∣∣∣ρ + sτ1 + s ≔ δ ∈ I
}
, (194)
whereD(Cd) is the convex set of density operators onH .
Alternatively, the RoC can also be defined as (Piani et al.,
2016)
CR(ρ) = min
δ∈I
{s ≥ 0|ρ ≤ (1 + s)δ}. (195)
The RoC is proved to be a full coherence monotone
(Napoli et al., 2016). That is to say, it satisfies the condi-
tions required by the framework for a resource theory of quan-
tum coherence (Baumgratz et al., 2014). It is also analytically
computable for ρ being arbitrary one-qubit and pure states,
as well as for those ρ with possible nonzero elements along
only the main diagonal and anti-diagonal (i.e., the so-called X
states). For those ρ, CR(ρ) =
∑
i, j |ρi j| in the reference basis
{|i〉}, hence equals to the related l1 norm of coherenceCl1 (ρ).
For general ρ, Napoli et al. (2016) constructed a semidefi-
nite program for calculating CR(ρ) numerically, and obtained
tight lower bounds of RoC of the following form (Piani et al.,
2016)
CR(ρ) ≥
‖ρ − ∆(ρ)‖22
‖∆(ρ)‖∞ ≥
‖ρ − ∆(ρ)‖22
‖∆(ρ)‖2 ≥ ‖ρ − ∆(ρ)‖
2
2, (196)
where the operator norm ‖M‖∞ = λmax, with λmax being the
largest singular value of M, and ‖M‖2 is the HS norm.
Napoli et al. (2016) also obtained bounds of CR(ρ) via the
l1 norm of coherence which is analytically computable, i.e.,
(d − 1)−1Cl1(ρ) ≤ CR(ρ) ≤ Cl1 (ρ), (197)
where the upper bound is tight obviously, and the lower bound
is saturated by the family of ρ = (1+ p)1 /d− p|Ψd〉〈Ψd |, with
0 ≤ p ≤ 1/(d − 1). It has also been proven that (Rana et al.,
2017)
Cr(ρ) ≤ log2[1 + CR(ρ)]. (198)
Moreover, the RoC is also showed to be upper bounded by
(Piani et al., 2016)
CR(ρ) ≤ d‖ρ‖∞ − 1, (199)
where ‖ρ‖∞ denotes the largest singular value of ρ (also known
as the operator norm). This inequality implies thatCR(ρ) takes
its maximumvalue d−1 only if ρ is a maximally coherent pure
state.
From Eq. (156) one can verify directly that the optimization
in Eq. (194) can be restricted to the subset of τ ∈ D(Cd) given
by
τsub =
1
d
1 d − 1
2
d0∑
i=1
xiXi +
1
2
d2−1∑
i=d0+1
yiXi, (200)
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where d0 = (d
2 − d)/2. That is to say, the optimization can be
performed over all possible {yi} such that τsub is a physically
allowed state.
Experimentally, Wang et al. (2017) have explored the RoC
for one-qubit states. They developed two different methods to
measure directly the quantum coherence, i.e., the interference-
fringe method and the witness-observable method. For the
former one, they showed experimentally that the sweeping on
ancilla state is necessary only along the equatorial pure states,
while for the latter one, the optimal witness operator is
W∗ = cosϕρσ1 + sin ϕρσ2. (201)
They have also compared the experimental results with those
calculated via state tomography and found a high coincidence
of them.
Stimulated by the resource weight-based quantification of
quantum features such as the best separable approximation
of entangled states (Lewenstein and Sanpera, 1998), the steer-
ing weight (Skrzypczyk et al., 2014), and the measurement
incompatibility weight (Skrzypczyk et al., 2014), Bu et al.
(2018) proposed a similar measure of coherence which they
termed as coherence weight. It is defined as
Cw(ρ) = min
δ∈I,τ∈D(Cd)
{s ≥ 0|ρ = (1 − s)δ + sτ}, (202)
which can be interpreted operationally as the minimal number
of coherent states (combination with the maximal number of
incoherent states) needed to prepare the considered state ρ on
average. Cw(ρ) was showed to satisfy all the four conditions
proposed by Baumgratz et al. (2014), thus constitutes a bona
fide measure of coherence. For certain special states, the co-
herence weight can be obtained analytically, e.g., for the pure
states we always have Cw(ρ) = 1, while for Werner state ρW
of Eq. (25), we have
Cw(ρW ) = CR(ρW ) = Cl1(ρW ) =
1 − dx
d + 1
. (203)
Similar to the definition of RoC in Eq. (195), the coherence
weight can also be defined as
Cw(ρ) = min
δ∈I
{s ≥ 0|ρ ≥ (1 − s)δ}. (204)
Bu et al. (2018) also obtained lower bounds of Cw(ρ) as
Cw(ρ) ≥
‖ρ − ∆(ρ)‖22
‖ρ‖∞ ≥ ‖ρ − ∆(ρ)‖
2
2, (205)
and proved its relation with the other quantum coherencemea-
sures, i.e.,
Cw(ρ) ≥ 1
d − 1Cl1 (ρ) ≥
1
d − 1CR(ρ),
Cw(ρ) ≥ 1
ln d
Cr(ρ).
(206)
Moreover, the coherence weightCw is showed to satisfy the
following relation
Cw(ρ1 ⊗ ρ2) ≤ Cw(ρ1) +Cw(ρ2) −Cw(ρ1)Cw(ρ2), (207)
for any quantum states ρ1 and ρ2, while for RoC, we have
CR(ρ1 ⊗ ρ2) ≤ CR(ρ1) +CR(ρ2) +CR(ρ1)CR(ρ2). (208)
E. Tsallis relative entropy measure of coherence
Rastegin (2016) studied the problem for quantifying coher-
ence via the Tsallis α relative entropies, which are functionals
of powers of density matrices, and formulated family of coher-
ence measures defined by quantum divergences of the Tsallis
type.
As an extension of the standard quantum relative entropy,
the Tsallis α divergence is given by
Dα(ρ‖σ) =

tr(ρασ1−α) − 1
α − 1 , if ran(ρ) ⊆ ran(σ),
+∞, otherwise,
(209)
with α being a positive number. The trace is taken over ran(σ)
for α > 1, while for α ∈ (0, 1) this condition is not necessary.
Here, ran(ρ) denotes the range of ρ, and likewise for ran(σ).
Then, motivated by Eq. (143), Rastegin (2016) proposed to
quantify coherence of ρ as
Cα(ρ) = min
δ∈I
Dα(ρ‖δ), (210)
and further proved that it can be evaluated analytically as
Cα(ρ) =
1
α − 1

∑
i
〈i|ρα|i〉α

1/α
− 1
 , (211)
and for α = 1, it reduces to the relative entropy of coherence
in Eq. (144), while for the specific case of α = 2, we have
C2(ρ) =

∑
j
√∑
i
|〈i|ρ| j〉|2

2
− 1, (212)
The coherencemeasure based on the quantum α divergence
is bounded above by
Cα(ρ) ≤

− lnα 1
dtrρ2
, if α ∈ (0, 2],
dtrρ2ςα−2 − 1
α − 1 , if α ∈ (2,+∞),
(213)
where ς = {(d−1)(dtrρ2−1)}1/2+1, which is intimately related
to the mixedness of ρ, hence is experimentally accessible.
To be a reliable quantifier of coherence, the proposed func-
tional should obey the four conditions derived via the resource
theoretic framework of coherence (Baumgratz et al., 2014).
For Cα(ρ), it vanishes if and only if ρ ∈ I, namely, it satis-
fies the condition (C1). Furthermore, (C2a) is satisfied for α ∈
(0, 2], which is a direct result of Dα(Λ[ρ],Λ[σ]) ≤ Dα(ρ, σ)
for the Tsallis α divergence. Thirdly, by denoting δ∗ the clos-
est incoherent state to ρ, and qi = tr(Kiδ
∗K†
i
), pi = tr(KiρK
†
i
),
and ρi = EiρE
†
i
/pi, Rastegin (2016) derived a generalized
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form of the monotonicity formulation applicable for Cα(ρ).
It is given by
Cα(ρ) ≥
∑
i
pαi q
1−α
i Cα(ρi), (214)
which reduces to the usual monotonicity formula for standard
relative entropy when α = 1. Note that the coherence measure
of Eq. (209) may violate the monotonicity condition (C2b)
for α , 1. Finally, the Tsallis α relative entropy measure of
coherence is also convex for α ∈ (0, 2], this is because the
Tsallis divergenceDα is a convex function of density matrices
in the same region of α.
If one takes logarithm (with base 2) to the first term of Eq.
(209), then in the limit of α → ∞, we can recover the maxi-
mum relative entropy defined as
Dmax(ρ‖σ) = min{λ|ρ ≤ 2λσ}, (215)
where λ ≥ 0. It is also an important concept in
quantum information science (Branda˜o and Datta, 2011;
Buscemi and Datta, 2010; Datta, 2009b,c). In a recent work,
Bu et al. (2017b) and Zhao et al. (2018) proposed to use it as
a basis for defining a coherence measure which was termed as
the maximum relative entropy of coherence. It reads
Cmax(ρ) ≔ min
δ∈I
Dmax(ρ‖δ), (216)
and has been proven to obey the conditions (C1), (C2a), and
C(2b) introduced by Baumgratz et al. (2014), so it is a coher-
ence monotone under MIO (Zhao et al., 2018). Nevertheless,
it does not satisfy the convexity condition (C3), and it is only
quasiconvex, that is, Cmax(
∑
i piρi) ≤ maxiCmax(ρi). More-
over, by comparing the above equation with Eq. (195), one
can also found that Cmax(ρ) can be linked quantitatively to the
RoC as
Cmax(ρ) = log2[1 +CR(ρ)], (217)
thus similar to RoC, if ∃U such that (UρU†)kl = |ρkl|, then a
closed formula for Cmax(ρ) can also be obtained. A class of ρ
where such a requirement is satisfied consists all the one-qubit
states, the pure states, and the X states.
Besides Cmax(ρ), Bu et al. (2017b) further proposed the ε-
smoothed maximum relative entropy of coherence, which was
defined as
Cεmax(ρ) ≔ min
ρ′∈Bε(ρ)
Cmax(ρ
′), (218)
where Bε(ρ) ≔ {ρ′ ≥ 0 : ‖ρ′ − ρ‖1 ≤ ε, trρ′ ≤ trρ}. It has been
shown that limε→0,n→∞Cεmax(ρ
⊗n) = nCr(ρ). That is, Cεmax(ρ)
is equivalent to the relative entropy of coherence in the asymp-
totic limit.
Chitambar and Gour (2016b) put forward another similar
coherence measure as
C∆,max(ρ) ≔ min{λ|ρ ≤ 2λ∆(ρ)}, (219)
which has also been proven to be a coherencemonotone under
DIO (Chitambar and Gour, 2016b; Zhao et al., 2018) and it is
also quasiconvex.
F. Skew-information-based measure of coherence
Soon after the work of Baumgratz et al. (2014), Girolami
(2014) proposed a new method to quantify the amount of co-
herence in a state. It is defined based on the WY skew infor-
mation, and has later been proven to violate one of the reliabil-
ity criteria for a bona fide coherence monotone (Du and Bai,
2015). But due to the experimentally accessibility, it may still
be of interest to the quantum community.
1. Definition and properties
For a system to be measured, the uncertainty of the outputs
comes from both ignorance of the mixture of the state and the
truly quantum part related to state collapse induced by mea-
surements. Girolami (2014) proposed that the latter feature
(i.e., the truly quantum uncertainty of a measurement) is an
embodiment of quantum coherence, and can be reliably quan-
tified by the WY skew information.
The skew information I(ρ,K) is nonnegative and vanishes
if and only if [ρ,K] = 0, namely, if and only if ρ is diago-
nal in the basis defined by K, hence it fulfills condition (C1).
Furthermore, I(ρ,K) is a convex function of density matri-
ces, thus (C3) is also fulfilled. But I(ρ,K) does not fulfill the
other axiomatic postulates for a faithful coherence measure
(Baumgratz et al., 2014), e.g., Du and Bai (2015) have con-
structed a series of phase sensitive IO Λ for which I(ρ,K) ≤
I(Λ[ρ],K).
But the above fact does not affect the status of I(ρ,K) as
a well-accepted measure of asymmetry, which is defined with
respect to a given symmetry groupG, and includes as a special
case the group U(1) used for defining quantum coherence. In
fact, previously Marvian and Spekkens (2014) have proposed
such an asymmetry measure, where they used the more gen-
eral Ip(ρ, L) of Eq. (75) with p ∈ (0, 1) ∪ (1, 2], i.e.,
S L,p(ρ) = tr(ρL
2) − tr(ρpLρ1−pL), (220)
and L represents an arbitrary generator of the group. If ρ is
symmetric relative to group G [Ug(ρ) = ρ for all group ele-
ments g ∈ G], then S L,p(ρ) = 0, see Marvian and Spekkens
(2014) and Marvian (2012). In the same work, the authors
also proposed several other measures of asymmetry, for ex-
ample, those based on the Holevo quantity, the trace norm,
and the relative Re´nyi entropy [see Eq. (209)]. Moreover,
Piani et al. (2016) also proposed a measure of asymmetry
which they called robustness of asymmetry. It is defined in
a manner very similar to RoC in Eq. (194), with only δ being
replaced by the symmetric state relative to a group G.
In a more general sense, all the coherence measures de-
fined in the framework of Baumgratz et al. (2014) consti-
tute a proper subset of measures of asymmetry. Asymme-
try measures the extent to which the symmetry relative to
a group of translations such as time translations or phase
shifts is broken, wherein the translationally invariant opera-
tions ΛTI play a central role. To be explicit, an asymmetry
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measure f from states to reals should satisfy the inequality
(Marvian and Spekkens, 2016)
f (ΛTI[ρ]) ≤ f (ρ). (221)
This answers why the WY skew information which measures
asymmetry relative to the group of translations generated by
an observable H cannot serve as a measure of coherence,
as there are IO which are not translationally invariant. For
more detailed explanations about the relations between coher-
ence and asymmetry, and a comparison of different notions
of coherence, see the recent works of Marvian and Spekkens
(2016) and Marvian et al. (2016).
2. Tight lower bounds
By adopting the inequality
tr{[ρ,K]2} ≥ 2tr{[ρ1/2,K]2}, (222)
Girolami (2014) derived the following lower bound of I(ρ,K),
I(ρ,K) ≥ IL(ρ,K) = −1
4
tr{[ρ,K]2}, (223)
and demonstrated that it can be experimentally evaluated ef-
ficiently without tomographic state reconstruction of the full
density matrix.
Pires et al. (2015) also established a lower bound for the
skew information. By discussing a dynamical process with the
evolved state ρφ = Uφρ0U
†
φ and the observable Kφ generating
its evolution, they derived
I(ρφ,Kφ) ≥ ~
2
2
∣∣∣∣∣ ∂∂φ cos[L(ρ0, ρφ)]
∣∣∣∣∣2, (224)
where L(ρ0, ρφ) = arccos[tr(ρ1/20 ρ1/2φ )] is the Hellinger angle,
and Kφ is connected to the unitary operator Uφ via
Kφ = −i~Uφ
∂U†φ
∂φ
, (225)
with φ being an arbitrary parameter encoded in Uφ. Eq. (224)
indicates that the lower bound of the evolved WY skew in-
formation I(ρφ,Kφ) is determined by change rate of the distin-
guishability between the initial and the evolved states.
3. Modified version of coherence measure
To avoid the problem occurred for I(ρ,K), Yu (2017) further
proposed a similar definition of coherence measure still by
using the WY skew information, which is very similar to the
definition of quantum correlation measure QA(ρ) given in Eq.
(86). To be explicit, by denoting {|k〉} the reference basis, the
new coherence measure is defined as
Csk(ρ) =
∑
k
I(ρ, |k〉〈k|). (226)
which has been proven to satisfy all the conditions for a bona
fide measure of quantum coherence (Baumgratz et al., 2014).
It can be linked to the task of quantum phase estimation. For
the special case of single-qubit state, Csk(ρ) is also qualita-
tively equivalent to the asymmetry measure I(ρ,K) given by
Girolami (2014).
To calculate Csk(ρ) for a given state ρ, one can also use its
equivalent form
Csk(ρ) = 1 −
∑
k
〈k| √ρ|k〉2, (227)
which can be further written in a distance-based formCsk(ρ) =
1− [maxδ∈I f (ρ, δ)]2, where f (ρ, δ) = tr(√ρ
√
δ). The optimal
δ⋆ can be derived as
δ⋆ =
∑
k
〈k| √ρ|k〉2∑
k′〈k′| √ρ|k′〉2
. (228)
Moreover, by using Eq. (223) and the inequality 〈k| √ρ|k〉 ≥
〈k|ρ|k〉, a connection between Csk(ρ) and the HS norm of co-
herence measure Cl2 (ρ) given in Eq. (159) can be established
as follows
1
2
Cl2 (ρ) ≤ Csk(ρ) ≤ 1 − trρ2 +Cl2 (ρ). (229)
Since Cl2(ρ) is experimentally measurable, the above relation
provides a way for estimating bounds of Csk(ρ).
G. Coherence of Gaussian states
In real experiments, there exists very relevant physical sit-
uations for which the systems under scrutiny are of infinite-
dimensional (e.g., quantum optics states of light and Gaussian
states). Hence, the characterization and quantification of co-
herence in these systems are also required.
1. Coherence in the Fock space
A typical class of infinite-dimensional system is the bosonic
system in the Fock space, which is describable using the Fock
basis {|n〉}∞
n=0. Here, |n〉 is the eigenstate of the number opera-
tor aˆ†aˆ, and aˆ† and aˆ are the bosonic creation and annihilation
operators.
By generalizing the set I of incoherent states as those with
δ =
∑∞
n=0 δn|n〉〈n|, and incoherent operations described by the
Kraus operators {Kn} satisfying∑∞n=0 K†nKn = 1 and KnIK†n ⊂
I, Zhang et al. (2016) studied the problem of quantification of
coherence in this system. For this purpose, they first proposed
a new criterion that C(ρ) should satisfy in order to circumvent
the divergence problem of C(ρ), which may be termed as the
mean energy constraints,
(C5) If the first-order moment, the average particle number
n¯ = 〈aˆ†aˆ〉 is finite, it should fulfill C(ρ) < ∞.
Based on this new criterion, Zhang et al. (2016) proved that
the relative entropy of coherence in Eq. (144) is also a proper
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coherence measure for the infinite-dimensional systems. But
the l1 norm of coherence of Eq. (147), despite its simple struc-
ture and intuitive meaning, does not satisfy the condition (C5),
hence fails to serve as a proper measure of coherence for the
infinite-dimensional systems.
Referring to the coherence measure in infinite-dimensional
systems, one may also concern about the counterparts of Eqs.
(136) and (137), i.e., the incoherent state and the maximally
coherent state. For the d-mode Fock space H = ⊗d
i=1
Hi with
the basis |n〉 = ⊗d
i=1
|ni〉 and probability distributions {pn}, the
incoherent state is given by (Xu, 2016)
δth(n) = ⊗di=1ρth(n¯i), (230)
where n¯i = 〈aˆ†i aˆi〉, and ρth(n¯i) is just the thermal state for the
ith-mode Fock space,
ρth(n¯i) =
∞∑
n=0
n¯n
i
(n¯i + 1)n+1
|n〉〈n|. (231)
Moreover, the maximally coherent state is given by
(Zhang et al., 2016)
|Ψdm〉 =
∑
n
n¯
|n|1/2
t
[(n¯t + 1)|n|1+1Cd−1|n|1+d−1]
1/2
|n〉, (232)
where |n|1 = ∑di=1 ni, and n¯t = ∑n pn|n|1 denotes the aver-
age total particle number which is finite. The corresponding
maximal coherence is given by
Cmaxr = C
max
r,d=1 +
∞∑
n=0
n¯nt
(n¯t + 1)n+1
log2 C
d−1
n+d−1, (233)
with
Cmaxr,d=1 = (n¯ + 1) log2(n¯ + 1) − n¯ log2 n¯, (234)
being the maximal coherence for the single-mode case (n¯t =
n¯).
2. Analytic formulas
A state is said to be Gaussian if its characteristic function
χ(ρ, λ) = tr[ρD(λ)] is Gaussian, where D(λ) is the displace-
ment operator. A Gaussian state is fully describable using the
covariance matrix γ (with entries γkl) and displacement vec-
tor ~υ = (υ1, υ2)
T , ρ = ρ(γ, ~υ). The incoherent thermal state
ρth(n¯) corresponds to γ = (2n¯+1)1 and ~υ = (0, 0)
T , where the
superscript T denotes transpose.
For the case of d-mode Gaussian states ρ(γ, ~υ), by denoting
xi = [det γ
(i)]1/2 square of the determinant of the covariance
matrix γ(i) for the ith mode, Xu (2016) obtained analytical
formula for the relative entropy of coherence, which is given
by
Cr(ρ) =
d∑
i=1
(
xi − 1
2
log2
xi − 1
2
− xi + 1
2
log2
xi + 1
2
)
+
d∑
i=1
[(n¯i + 1) log2(n¯i + 1) − n¯i log2 n¯i],
(235)
where n¯i can be written in terms of the covariance matrix γ
(i)
and displacement vector ~υ as
n¯i =
1
4
{γ(i)
11
+ γ(i)
22
+ [υ(i)
1
]2 + [υ(i)
2
]2 − 2}, (236)
from which one can also see that the maximally coherent state
should be pure, i.e., xi = 1, ∀ i ∈ {1, · · · , d}.
3. Coherence of coherent states
For the set {|α〉} of coherent states which spans an infinite-
dimensional Hilbert space, a direct application of the resource
theory of quantum coherence formulated by Baumgratz et al.
(2014) is not applicable. This is because states of the consid-
ered set are not only overcomplete but also may be not linearly
independent. To circumvent this perplexity, Tan et al. (2017)
developed an orthogonalization procedure which allows for
defining coherence measure for arbitrary superposition of co-
herent states, whether they are orthogonal or not.
For a given density operator ρA, let ρ
(0)
AB
= ρA ⊗ |0B〉〈0B| and
ρ
(i)
AB
= Uα(i)ρ
(i−1)
AB
U
†
α(i)
(i = 1, . . . ,N). Then if one denotes |α(i)〉
for the coherent state admitting tr(|α(i)〉〈α(i) | ⊗ |0B〉〈0B|ρ(i−1)
AB
) =
max{|α〉} tr(|α〉〈α| ⊗ |0B〉〈0B|ρ(i−1)AB ), the Nth Gram-Schmidt uni-
taryU
(N)
GS
= Uα(N) . . .Uα(1) , where the cnot type unitary is given
by
Uα(i) =I ⊗ I + |α(i)〉〈α(i) | ⊗ (|β(i)〉〈0B| + |0B〉〈β(i)|
− |0B〉〈0B| − |β(i)〉〈β(i)|). (237)
Using the Gram-Schmidt unitary, Tan et al. (2017) defined
the N coherence for a general state ρA as follows
Cα(ρA,N) = inf
ρAE∈E
UGS∈S(N)
C(Φ
(N)
GS
[ρAE]), (238)
whereC denotes any faithful coherencemeasure,S(N) denotes
the full set of Nth Gram-Schmidt unitaries, E = {ρAE |trEρAE =
ρA} is the set of extensions of ρA, and
Φ
(N)
GS
[ρA] =
Π
(N)
GS
[U
(N)
GS
(ρA ⊗ |0B〉〈0B|)U (N)†GS ]Π(N)GS
tr{Π(N)
GS
[U
(N)
GS
(ρA ⊗ |0B〉〈0B|)U (N)†GS ]Π(N)GS }
, (239)
with the projector
Π
(N)
GS
=
N∑
i=1
|α(i)〉〈α(i) | ⊗ |β(i)〉〈β(i)|. (240)
Then, an ε-smoothed version of N coherence can be written
as
Cεα(ρA,N, ) = inf
ρ′
A
∈Bε(ρA)
Cα(ρ
′
A,N), (241)
where Bε(ρA) = {ρ′A | 12‖ρ′A − ρA‖1 ≤ ε}. Finally, the α coher-
ence is defined as the smoothed N coherence in the asymptotic
limit, that is,
Cα(ρA) = lim
ε→0
lim
N→∞
Cεα(ρA,N, ). (242)
Tan et al. (2017) proved that Cα(ρA) = 0 if and only if ρA is
a classical state, and it is also a nonclassicality measure.
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H. Generalized coherence measures
When the constraints imposed by the axiomatic-like postu-
lates of Baumgratz et al. (2014) are somewhat released, one
may introduce other measures of quantum coherence that are
physically relevant. These measures may also have potential
applications under specific contexts.
1. Basis-independent coherence measure
For a state ρ in the d-dimensional Hilbert space, Yao et al.
(2016a) formulated the following basis-independent measure
of quantum coherence
CBI(ρ) =
√
d
d − 1 ‖ρ − ρmm‖2, (243)
which is proportional to the HS distance between ρ and the
maximally mixed state ρmm = 1 d/d, and the parameter before
‖ · ‖2 is introduced for normalizingCfree(ρ).
The CBI(ρ) can be calculated analytically as
CBI(ρ) =
√
dP − 1
d − 1 =
√
dIBZ
d − 1 , (244)
where P = trρ2 is the purity of ρ, and P − 1/d equals to the
Brukner-Zeilinger invariant information
IBZ(ρ) =
m∑
i=1
d∑
j=1
[
tr(Πi jρ) − 1
d
]2
, (245)
thereby endows CBI(ρ) a clear physical meaning. Here, {Πi j}
denote eigenvectors of the mutually complementary observ-
ables, for example, for the case of d = 2, they are those of the
Pauli operators σx, σy, and σz.
The coherence measure CBI(ρ) is unitary invariant (a trait
that distinguishes it from other coherencemeasures), takes the
maximum 1 for all the pure states, and is nonincreasing under
the action of any unital channel Λu, i.e., CBI(ρ) ≥ CBI(Λu[ρ]).
Moreover, it also provides loose lower bounds for the l1 norm
of coherence and trace norm of coherence, i.e.,
Cl1 (ρ) ≤
√
d(d − 1)CBI(ρ),
Ctr(ρ) ≤
√
d − 1CBI(ρ).
(246)
As the measures of quantum coherence is basis dependent,
it is of particular interest to consider the maximum amount of
coherence attainable by varying the reference basis, and define
Cmax(ρ) = max
U
C(UρU†), (247)
with C being any valid coherence measure and {U} the set of
unitary operations.
Yu et al. (2016c) investigated problems of such kind. For a
d-dimensional state ρ, they proved
Cmaxr (ρ) = log2 d − S (ρ), Cmaxl2 (ρ) = trρ2 −
1
d
, (248)
where Cr(ρ) and Cl2 (ρ) denote, respectively, the relative en-
tropy and the HS norm measure of coherence. In particular,
Cmaxr (ρ) equals to the relative entropy between ρ and the cor-
responding maximally mixed state ρmm, and C
max
2
(ρ) equals
to the squared HS norm between ρ and ρmm. Both C
max
r (ρ)
and Cmax
2
(ρ) take the maximum value for pure states and zero
for incoherent states. They also possess preferable features of
coherencemeasures such as: (i) invariant under unitary opera-
tions; (ii) convexity under mixing of states; (iii) monotonicity
under the unitary operations {Ui|∑ piU†i Ui = 1 ,U†i Ui = 1 }
and SIO.
For some other widely used coherence measures includ-
ing the RoC, the coherence weight, and the modified skew
information measure of coherence, Cmax(ρ) defined in Eq.
(247) can also be obtained analytically, which reads (Hu et al.,
2017)
CmaxR (ρ) = dλmax − 1, Cmaxw (ρ) = 1 − dλmin,
Cmaxsk (ρ) = 1 −
1
d
∑
i
√
λi

2
.
(249)
where {λi} denote the eigenvalues of ρ, with λmax = max{λi}
and λmin = min{λi}.
Streltsov et al. (2018) also considered the maximal coher-
ence achievable by performing unitary operations on a state
ρ, with however a different set of free operations from that
of Baumgratz et al. (2014) was used when defining C(ρ). To
be explicit, they used the set of MIO ΛMIO[δ] ∈ I (∀δ ∈ I)
instead of the traditional IO as the free operations, which was
first suggested by Aberg (2006). Clearly, the set of IO is a sub-
set of MIO, and thus any coherence monotone with respect to
MIO is also a coherence monotone with respect to IO, but the
inverse may not always be true, e.g., the l1 norm of coherence
and the coherence of formation is an IO monotone but not a
MIO monotone (Hu, 2016).
Based on the above setting, Streltsov et al. (2018) showed
that the following state
ρmax =
d∑
n=1
pn|n+〉〈n+|, (250)
is a MCMS with respect to any MIO monotone, where {pn}
is the probability distribution, and {|n+〉} denotes a MUB with
respect to the incoherent basis {|i〉}, i.e., |〈i|n+〉| = 1/d, ∀i, n+
(Wootters, 1986; Wootters and Fields, 1989). The Eq. (250)
can be proved straightforwardly by noting that ΛMIO[ρmax] =
UρmaxU
† if one chooses Kraus operators of ΛMIO as Kn =
U |n+〉〈n+|. This is because C(UρmaxU†) = C(ΛMIO[ρmax]) ≤
C(ρmax), where the inequality is due to the monotonicity of a
coherencemeasure underMIO. By the way, one can also show
that ΛMIO of this type yields ΛMIO[δ] = 1 /d and ΛMIO[ρ] ∈
ρmax.
Furthermore, when the coherence is measured by the short-
est distance between ρ and the set I of incoherent states [see
Eq. (143), with only the IO being replaced by MIO], we have
Cmax(ρ) = C(U˜ρU˜†) ≤ D(U˜ρU˜†, 1 /d) = D(ρ, 1 /d), (251)
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where U˜ is the optimal unitary for obtaining Cmax(ρ), and the
inequality comes from the fact that 1 /d is not necessary the
closest incoherent state to U˜ρU˜†, while the last equality is due
to the unitary invariance ofD. Moreover, by denoting ∆+ the
full dephasing of ρ in the maximally coherent basis {n+〉} [see
the definition in Eq. (142)], one can obtain ∆+[ρmax] = ρmax
and ∆+[δ] = 1 /d. Thus by denoting δ˜ the closest incoherent
state to ρmax, we have
Cmax(ρ) ≥ C(ρmax) = D(ρmax, δ˜)
≥ D(∆+[ρmax],∆+[δ˜])
= D(ρmax, 1 /d) = D(ρ, 1 /d),
(252)
then by combining the above two equations, one can obtain
Cmax(ρ) = C(ρmax) = D(ρ, 1 /d), (253)
for any contractive distance measureD of two states.
When ρ is incoherent, i.e., ρ = δ, Eq. (247) corresponds to
the maximum amount of coherence (quantified by any faith-
ful measures) generated from a given incoherent state δ. By
focusing on the two-qubit states only, and arranging δ’s diag-
onal elements as δ1 ≤ δ2 ≤ δ3 ≤ δ4 and taking the relative
entropy as a measure of coherence, Yao et al. (2015) obtained
solutions of Eq. (247) for specified types of U. They are
Cmaxr,1 = 1 + H(δ1 + δ3) −
∑
i
δi log2 δi,
Cmaxr,2 = 2 −
∑
i
δi log2 δi,
(254)
where Cmax
r,1
(Cmax
r,2
) is the optimal coherence created under lo-
cal unitaries UA ⊗ 1 (UA ⊗ UB), with the corresponding
UA = UB = |+〉〈1| + |−〉〈0|, (255)
where |±〉 = (|0〉 ± |1〉)/
√
2, and H(·) is the binary Shannon
entropy. For the kernelUd of nonlocalU in the Cartan decom-
posed form, Yao et al. (2015) found that they cannot outper-
form the local unitaries on creating quantum coherence, but it
remains open if this is also true for more general nonlocal U.
2. Genuine quantum coherence
The core for the resource theory of quantum coherence
is incoherent states and incoherent operations. de Vicente
(2017) introduced a slightly different types of incoherent oper-
ations which he called genuinely incoherent operations (GIO).
These operations preserve all incoherent states, i.e.,
Λgi(δ) = δ, (256)
for all δ ∈ I. This definition of GIO ensures their indepen-
dency on the explicit forms of the Kraus decompositions.
It has been proved that the Kraus operators of Λgi are diag-
onal in the prefixed reference basis, and
Λgi(·) =
∑
k
pkUk(·)U†k , (257)
for the single-qubit case, with {pk} being the probability dis-
tribution and Uk =
∑
l e
iφlk |k〉〈k| the unitary. Moreover, the
GIO includes the nondegenerate thermal operations Λth as
a special case, while itself belongs to the set of translation-
ally invariant operations Λti (de Vicente, 2017). Given a sys-
tem state ρS with the Hamiltonian HˆS , and the thermal state
ρE
th
= e−βHˆE/tre−βHˆE with HˆE the environmental Hamiltonian
and β = 1/T the inverse temperature, Λth and Λti are defined
by
Λth(ρ
S ) = trE(Uρ
S ⊗ ρEthU†),
Λti(e
−iHˆS tρeiHˆS t) = e−iHˆS tΛti(ρ)eiHˆS t,
(258)
where U is the unitary which preserves the total energy of the
considered system plus its environment.
Under the set of GIO, de Vicente (2017) proposed the pre-
requisites for a function to be a genuine coherence measure.
They are analogous to those labeled as (C1), (C2a), (C2b), and
(C3), with only the IO being replaced by the GIO. de Vicente
(2017) called a measure respecting the first three prerequisites
a genuine coherence monotone. As the GIO is a strict subset
of the general IO, the l1 norm, relative entropy, and intrinsic
randomness measures of coherence, as well as the RoC are all
genuine coherence monotones.
Apart from the above measures, the WY skew information
I(ρ,K) obeys (C1), (C2a), and (C3). The distance-based mea-
sure of genuine coherence
Gp(ρ) = min
δ∈I
‖ρ − δ‖p, (259)
also obeys these three conditions, and for the special case of
p = 2,G2(ρ) = ‖ρ−∆(ρ)‖2, where the closest incoherent state
is ∆(ρ) =
∑
i〈i|ρ|i〉|i〉〈i|. For other cases, ∆(ρ) is not the closest
state for obtainingGp(ρ), but de Vicente (2017) showed that
G˜p(ρ) = ‖ρ − ∆(ρ)‖p, (260)
is also a valid genuine coherencemeasure, as it obeys the con-
ditions (C1), (C2a), and (C3).
3. Quantification of superposition
As a generalization of the resource theories of coher-
ence, Theurer et al. (2017) introduced a similar framework
for quantifying superposition. In their framework, the set F
of free states is comprised of the states that can be repre-
sented as statistical mixtures of linear independent (not nec-
essarily orthogonal) basis states {|ci〉}di=1. To be explicit, these
superposition-free states are given by
ς =
d∑
i=1
ςi|ci〉〈ci|, (261)
where ςi ≥ 0 and ∑i ςi = 1. Those states that are not free are
called superposition states. Similarly, the quantum operation
Φ(ρ) =
∑
i KiρK
†
i
is said to be superposition-free if the Kraus
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operator gives the map KiςK
†
i
/tr(KiςK
†
i
) ∈ F (∀Ki), that is,
every Ki (hence Φ) maps the superposition-free state to an-
other superposition state. Theurer et al. (2017) showed that
such a Ki is of the following general form:
Ki =
∑
k
ci(k)|c fi(k)〉〈c⊥k |, (262)
where |c⊥
k
〉 are called reciprocal states which satisfy 〈c⊥
k
|cl〉 =
δkl, ci(k) are coefficients, and fi(k) are index functions.
Theurer et al. (2017) presented the defining conditions for
a faithful superposition measure M(ρ). These conditions
are very similar to those for a faithful coherence measure
(Baumgratz et al., 2014). The difference is that Λ(ρ) and δ
in (C1), (C2a), (C2b), and C(3) were replaced by Φ(ρ) and
ς, respectively. Then, in a similar manner to the definition of
CD(ρ) in Eq. (143), one can define
MD(ρ) = min
ς∈F
D(ρ, ς). (263)
For explicit distancemeasures, Theurer et al. (2017) proved
the superposition measures including the relative entropy of
superposition, the l1 norm of superposition, and the robustness
of superposition. They are similar to the coherence measures
Cr(ρ), Cl1(ρ), and CR(ρ) defined respectively, in Eqs. (144),
(147), and (194). Apart from these, Theurer et al. (2017) also
proved the rank-measure of superposition
Mrank(ρ) = min{pi ,ψi}
∑
i
pi log[rS (ψi)], (264)
where the superposition rank rS (ψi) is the number of nonzero
α(i)n for |ψi〉 =
∑
n α
(i)
n |cn〉, and the minimization is taken over
all pure state decompositions of ρ showed in Eq. (13).
Before ending this section, we remark here that while var-
ious coherence measures have been introduced, Zhang et al.
(2018) proposed a proposal for estimating their values with
limited experimental data available. Their approach is based
on the optimization of a Lagrangian function and the limited
expectation value of certain Hermitian operators, and can be
applied to any coherence measure C(ρ) that is continuous and
convex.
IV. INTERPRETATION OF QUANTUM COHERENCE
Coherence is not only a basic feature signifying quantum-
ness in an integral system, but also a common prerequisite for
different forms of quantum correlations when composite sys-
tems are considered. Apart from its characterization and quan-
tification, it has also been shown to be intimately related to
many other quantities manifesting quantumness of states, and
fundamental problems of quantummechanics such as comple-
mentarity and uncertainty relations. All these have triggered
the community’s interest in investigating it from different per-
spectives, which endows quantum coherence clear operational
interpretations and physical meanings.
FIG. 4 Schematic picture for the connections between quantum co-
herence and quantum correlations. (a) Quantum entanglement (QE)
based measure of quantum coherence (Streltsov et al., 2015), (b)
correlated coherence and QE (Tan et al., 2016), (c) basis-free co-
herence measure and relative entropy of QD (Yao et al., 2015), (d)
quantum coherence consumption and discord generation (Ma et al.,
2016a), (e) difference of quantum coherence for the premeasurement
and postmeasurement states and one-way quantum deficit (Xi et al.,
2015), as well as steering-induced coherence and MID (in the basis
spanned by local eigenvectors of ρB) (Hu and Fan, 2016b).
A. Coherence and quantum correlations
In the seminal work of Baumgratz et al. (2014) and the sub-
sequent stream of works, the quantum coherencemeasures are
defined for single systems. Contrary to it, the traditional man-
ifestation of quantumness for a system, e.g., quantum corre-
lations, are defined in a scenario which involves at least two
parties. In fact, both quantum coherence and quantum corre-
lations arise from the superposition principle of quantum me-
chanics, hence it is essential to study the interrelation between
them. The main progresses up to now are summarized in Fig.
4, and we review them in detail in the following.
1. Coherence and entanglement
Streltsov et al. (2015) made a first step toward the above
problem. By considering the setting where a coherent state ρS
is coupled to an incoherent ancilla initially in the vacuum state
|0A〉, they showed that the generated entanglement between S
and A is upper bounded by the coherence of S . The bound can
be saturated for certain contractive distance measures, hence
yields a natural family of entanglement-based coherencemea-
sures, see Sec. II.B for more detail.
Qi et al. (2016) considered a very similar problem to that of
Streltsov et al. (2015). They used the coherence concurrence
and entanglement concurrence, and found that the generated
entanglement concurrence from the initial state ρS ⊗ |0A〉〈0A|
is upper bounded by
CE (Λ
S A[ρS ⊗ |0A〉〈0A|]) ≤ Ccon(ρS ), (265)
and when ρS is a two-qubit state while the ancilla A is also a
qubit, the above equality is saturated. Moreover, by applying
the generalized cnot gate of Eq. (170), they also found a lower
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bound of the created entanglement
CE (Λ
S A[ρS ⊗ |0A〉〈0A|]) ≥
√
2
d(d − 1)Ccon(ρ
S ). (266)
Apart from the link to entanglement, Tan et al. (2016) in-
troduced the concept of correlated coherence, and argued that
it can be connected to QD and entanglement. Their key idea is
by distinguishing the coherence in ρAB as local and nonlocal,
i.e., by dividing the total coherence into two different portions:
those stored locally in the subsystems, and those stored only
in the correlated states. Based on this starting point, they de-
fined the correlated coherence as
Ccc(ρ
AB) = C(ρAB) −C(ρA) − C(ρB), (267)
which is a nonnegative quantity.
By choosing tensor products of the eigenvectors {|iA〉} (for
ρA) and {| jB〉} (for ρB) as reference basis (for degenerate case,
they will chosen to be those minimize Ccc), Ccc(ρ
AB) = 0 if
and only if ρAB ∈ CC. Similarly, Ccc(ρAB) = Ccc(∆A[ρAB]) if
and only if ρAB ∈ CQ. Based on these observations, Tan et al.
(2016) defined
Ecc(ρ
AB) ≔ minCcc(ρ
AA′BB′), (268)
and showed that it possesses the preferable properties for an
entanglement monotone. Here, the minimization is taken over
the full set of unitarily symmetric extensions of ρAB satisfying
UAA′ ⊗ UBB′(USWAPρAA′BB′U†SWAP)U†AA′ ⊗ U†BB′ = ρAA
′BB′ ,
(269)
where ρAB = trA′B′ρ
AA′BB′ for all the local unitaries UAA′ and
UBB′ , and USWAP is the swap operator.
Mondal et al. (2017) examined the steered coherence from
another perspective. In their framework, Alice and Bob hold
respectively, qubit A and B of ρAB, and agree on the observ-
ables {σ1, σ2, σ3} in advance. Alice then measures σi on her
qubit and informs Bob of her choice σi and outcome a ∈
{0, 1}. Bob computes the coherence of his conditional states
{p(a|σi), ρB|σa
i
} in the eigenbasis of either σ j or σk ( j, k ,
i) randomly, which can be written as
∑
a p(a|σi)Cσ j (ρB|σai ).
Here, p(a|σi) is the probability for Alice’s outcome a when
she measures σi, and ρB|σa
i
is the corresponding postmeasure-
ment state of B. By averaging over Alice’s possible measure-
ments and Bob’s allowable eigenbasis sets, one can obtain
Cnal1 (ρ
AB) =
1
2
∑
i, j,a
i, j
p(a|Πi)Cσ jl1 (ρB|σai ),
Cnar (ρ
AB) =
1
2
∑
i, j,a
i, j
p(a|Πi)Cσ jre (ρB|σai ).
(270)
As for any single-partite state ρ, we have
3∑
j=1
C
σ j
l1
(ρ) ≤
√
6,
3∑
j=1
C
σ j
r (ρ) ≤ Cm2 = 3H(1/2 +
√
3/6),
(271)
it is said that a nonlocal advantage of quantum coherence
is achieved on B when Cna
l1
(ρAB) >
√
6 or Cnar (ρ
AB) > Cm2 .
Mondal et al. (2017) showed that any two-qubit state that can
achieve a nonlocal advantage of quantum coherence is quan-
tum entangled. Moreover, the interplay between nonlocal ad-
vantage of quantum coherence and Bell nonlocality was also
established for two-qubit states (Hu et al., 2018).
The above framework was extended to (d × d)-dimensional
state ρAB, in which the Pauli observables are replaced by the
set of mutually unbiased observables {Ai} (Hu and Fan, 2018).
Now, the average coherence for Bob’s conditional states is
Cna(ρAB) =
1
d
∑
i, j,a
i, j
p(a|Ai)CA j (ρB|Aa
i
), (272)
and Cna(ρAB) > C
m captures the existence of nonlocal advan-
tage of quantum coherence in state ρAB. When one adopts
the l1 norm of coherence and relative entropy of coherence,
the state-independent bound Cm is given by (d − 1)√d(d + 1)
and (d+ 1) log2 d− (d − 1)2 log2(d − 1)/d(d − 2), respectively
(Hu and Fan, 2018).
Similarly, one can also formulate other framework for cap-
turing the nonlocal advantage of quantum coherence in a state,
e.g., after Alice executing one round of measurements and an-
nounced her choice Ai and outcomes a, Bob can measure the
coherence of his conditional states only in the preagreed basis
spanned by the eigenvectors of Aαi , with {αi} being any one of
the possible permutations of the elements of {i}. This can give
some new insights on the interrelation between coherence and
quantum correlations (Hu and Fan, 2018).
2. Coherence and quantum discord
Since the coherencemeasures reviewed in Sec. III are basis
dependent, they can be changed by unitary operations. Based
on this consideration, Yao et al. (2015) introduced a basis-free
coherence measure of the following form
Cfree(ρ) = min
~U
C(UρU), (273)
whereU = U1⊗U2⊗· · ·⊗UN for a N-partite state ρ. It is in fact
the minimum coherence created by local unitary operations.
By putting the measures of coherence and QD on an equal
footing, that is, to quantify the both via relative entropy,
Yao et al. (2015) found that Cfree(ρ) defined above equals to
the QD Dr(ρ) = minχ∈C S (ρ‖χ) (C is the set of classical states)
introduced by Modi et al. (2010), i.e.,
Cfree(ρ) = Dr(ρ), (274)
thereby establishes a direct connection between coherence of
a N-partite state in the product basis {|i〉 ≔ ⊗N
k=1
|ik〉} (with
{|ik〉}dki=1} and dk = dimHk) and QD of this state with the same
multipartite divisions.
For bipartite states ρ and local von Neumannmeasurements
{ΠA
k
}, Xi et al. (2015) found that the difference between rela-
tive entropy of coherence for ρ and the postmeasurement state
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ρ′ =
∑
k(Π
A
k
⊗ 1 B)ρ(ΠAk ⊗ 1 B) equals to the one-way quantum
deficit (Horodecki et al., 2005a; Oppenheim et al., 2002), i.e.,
Cr(ρ) − Cr(ρ′) = ∆→(ρ). (275)
For a system with N-partite division S = {S 1, S 2, · · · , S N}
and product reference basis {|i〉}, one can define the sets of S k-
incoherent states IS k with elements δS k =
∑
i pi|ik〉〈ik | ⊗ ρS˜ |k
(S˜ = S − S k), incoherent operations {ΛS k } which map IS k to
itself, and coherence measure CS kD (ρ) = minδ∈IS k D(ρ, δ), all
with respect to the local basis {|ik〉}. When D is the relative
entropy, we have
CS kr (ρ) = S (ρ‖∆S k [ρ]), (276)
where ∆S k [ρ] is the full dephasing of ρ = ρS 1S 2···S N in the basis
{|ik〉} of party S k. The GQD D(ρ) ≔ minχ∈CD(ρ, χ), and for
D to be the relative entropy,D(ρ) = min∆ S (ρ‖∆[ρ]), with ∆ =
⊗N
k=1
∆S k (Modi et al., 2012). Moreover, the global discord
D¯(ρ) = min
∆
[S (ρ‖∆[ρ]) −
∑
k
S (ρS k‖∆S k [ρS k ]), (277)
and the usual asymmetric discord
DS˜ |S k (ρ) = min
∆S k
[S (ρ‖∆S k [ρ]) − S (ρS k‖∆S k [ρS k ])]. (278)
By considering an analogous setting to that constructed by
Streltsov et al. (2015), i.e., the system S and an incoherent
ancilla is prepared initially in the product state ρS ⊗ |0A〉〈0A|,
Ma et al. (2016a) studied, from the perspective of coherence
consumption and discord generation, the interplay between
quantum coherence and QD. First, they found that
D(ΛS A[ρS ⊗ ρA]) ≤ CD(ρS ), (279)
for any contractive measure of D, i.e., the generated discord
is upper bounded by the initial coherence in ρS . In particular,
if dA ≥ dS , the equality holds forD to be the relative entropy
or the Bures distance. Second, for ρS 1S 2···S N = ⊗N
k=1
ρS k , the
sum of coherence consumed for all subsystems bounding the
amount of global discord that can be generated by IO, i.e.,
D¯(Λ[ρS 1S 2···S N ]) ≤
∑
k
δCr(ρ
S k ), (280)
where δCr = C
i
r−Ctr, withCir (Ctr) being coherence of the state
prior to the measurement (after the measurement). Similarly,
for the asymmetric discord,
DS 2 |S 1(Λ
S 1[ρS 1S 2]) ≤ δC(ρS 1), (281)
for ρS 1S 2 = ρS 1 ⊗ ρS 2 .
In a recent paper, Hu and Fan (2017) introduced the con-
cept of relative quantum coherence (RQC), which is the co-
herence of one state in the reference basis spanned by the
eigenvectors of another one. To be explicit, for ρ and σ in
the same Hilbert space H , and the eigenvectors of σ being
given by {|ψi〉}, with the corresponding eigenvalues {ǫi}, the
RQC is given by
C(ρ, σ) = CΞ(ρ), (282)
where CΞ(ρ) denotes any bona fide measure of quantum co-
herence defined in the reference basis Ξ.
When the quantum coherence is measured by the l1 norm,
they showed that the QD DA(ρAB) (Ollivier and Zurek, 2001)
is bounded from above by the discrepancy between the RQC
for the total system and that for the subsystem to be measured
in the definition of QD, that is
DA(ρAB) 6 Cre(ρAB, ρ˜PQ) − Cre(ρA, ρ˜P), (283)
where ρ˜PQ denotes the optimal postmeasurement state for ob-
taining the QD, and ρ˜P is the reduced state of ρ˜PQ. This upper
bound can also be saturated when the state ρAB is quantum-
classical correlated.
Similarly, for the symmetric QD Ds(ρAB) = I(ρAB) −
I(ρ˜PQ) defined via two-sided optimal measurements {Π˜Ak ⊗Π˜Bl }
(Girolami et al., 2011; Wu et al., 2009), it was further showed
that (Hu and Fan, 2017)
Ds(ρAB) = Cre(ρAB, ρ˜PQ) −Cre(ρA, ρ˜P) −Cre(ρB, ρ˜Q), (284)
which implies that Ds(ρAB) is nonzero if and only if there ex-
ists RQC not localized in the subsystems. This establishes a
direct connection between the RQC discrepancy and the sym-
metric discord.
For a bipartite system AB described by the density operator
ρAB, Hu et al. (2015) considered the maximum amount of co-
herence created at party B by the procedure of steering on A,
and defined the steered coherence
Cstr(ρ
AB) ≔ inf
eB
[max
EA
Cl1 (e
B, ρBi )], (285)
where EA = {EA
k
} represents the set of POVM operators, and
ρB
i
= trA(E
A
i
⊗ 1 BρAB)/pi, pi = tr(EAi ⊗ 1 BρAB). The infimum
over the eigenbasis eB = {eB
k
} of ρB is necessary only when it
is degenerate. The motivation for the definition of Cstr(ρ
AB) is
very similar to the concept of localizable entanglement which
is indeed the maximum entanglement that can be localized, on
average, between two parties of a multipartite system, by per-
forming local measurements on the other parties (Popp et al.,
2005; Verstraete et al., 2004).
The steered coherence is showed to have several preferable
properties of Cstr(ρ
AB), e.g., it vanishes when ρAB is quantum-
classical correlated, takes the maximum for all pure entangled
states with full Schmidt rank dB, and is locally unitary invari-
ant. Moreover, Cstr(ρ
AB) may be increased by the local op-
erations ΛB on B prior to the steering on A. For two-qubit
states, this is achievable if and only if ΛB is neither unital
nor semi-classical. All these properties are very similar to
those of the various discordlike quantum correlation measures
(Modi et al., 2012).
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For two-qubit states ρAB, the maximum steered coherence
is given by (Hu et al., 2015)
Cstr(ρ
AB) = inf
~nB∈R3,|~nB |=1
{
max
~m∈R3,|~m|=1
∣∣∣∣∣RT ~m × ~nB1 + ~a · ~m
∣∣∣∣∣
}
, (286)
where R is a 3×3 matrix with elements Ri j = trρAB(σi⊗σ j), ~m
is a vector related to the POVM EA = (1+~m·~σ)/2, ~a = tr(ρA~σ)
is the local Bloch vector of ρA (similarly for ~b), and ~nB = ~b/|~b|.
3. Coherence and measurement-induced disturbance
Based on quantum steering, Hu and Fan (2016b) intro-
duced the steering-induced coherence, and explored its
connection with a quantum correlation measure known as
measurement-induced disturbance (Luo, 2008). For a bipar-
tite system described by density operator ρAB and shared by
two players Alice and Bob, if Alice performs a local quan-
tum measurement ΞA = {|ξA
i
〉〈ξA
i
|} on her subsystem, she will
obtain the outcome i with probability pi = tr(Ξ
A
i
⊗ 1 Bρ), and
Bob’s subsystem is steered to ρB
i
= trA(Ξ
A
i
⊗ 1 Bρ)/pi. After
multi-rounds of measurements, Bob will have the ensemble
{pi, ρBi }. see Fig. 4(e) for an illustration of the scheme
From the above scheme, Hu and Fan (2016b) defined the
steering-induced coherence as
C¯(ρAB) = inf
eB
[max
ΞA
∑
i
piC(e
B, ρBi )], (287)
where Bob’s reference basis is chosen to be eigenbasis eB =
{|eB
k
〉} of ρB, and the infimum in Eq. (287) is necessary only
when ρB is degenerate. C¯(ρ) characterizes Alice’s ability to
steer coherence on Bob’s side, and has also been proven satis-
fying the necessary requirements of a faithful coherence mea-
sure.
Based on the observation that the symmetric measurement-
induced disturbance equals to coherence of ρAB in the tensor-
product eigenbasis of ρA and ρB, Hu and Fan (2016b) further
considered the asymmetric measurement-induced disturbance
QB(ρ
AB) = inf
EB
D(ρAB, EB[ρAB]), (288)
with EB = {|eB
k
〉〈eB
k
|} the locally invariant projective measure-
ments on B. Their results show that when being quantified by
the same distance measure, C¯(ρAB) is bound from above by
QB(ρ
AB), i.e.,
C¯(ρAB) ≤ QB(ρAB), (289)
and the equality holds for the maximally correlated state
ρmc =
∑
i, j
ρi j|ii〉〈 j j|, (290)
when the relative entropy quantifiers of them are adopted, for
which they both equal to S (ρBmc) − S (ρABmc). Moreover, for the
two-qubit state and the l1 norm quantifiers, the upper bound is
also saturated.
Zhang et al. (2017b) considered a very similar coherence
steering scheme to that of Hu and Fan (2016b). The difference
is that they used the computation basis {|i〉}d
i=1
, and discussed
the amount of coherence gain with classical correlation of the
premeasurement state ρAB. They defined the measurement-
induced average coherence C¯Pr and measurement-induced av-
erage total coherence C¯Tr as
C¯Pr (ρ
B) =
∑
i
piCr({|i〉}, ρBi ),
C¯Tr (ρ
B) =
∑
i
piC
max
r (ρ
B
i ),
(291)
where Cmaxr (ρ
B
i
) is the maximal attainable relative entropy of
coherence under generic basis, see Eq. (146). The corre-
sponding coherence gain are given by
∆CPr = C¯
P
r (ρ
B) −Cr(ρB),
∆CTr = C¯
T
r (ρ
B) −CTr (ρB).
(292)
Based on these definitions, they found that
∆CPr ≤ ∆CTr , (293)
which can be seen from ∆CPr − ∆CTr =
∑
i piS ((ρ
B
i
)diag) −
S (ρB
diag
) ≥ 0. Moreover, the two coherence gains are proved
to be upper bounded by the classical correlation (with respect
to subsystem A) present in the premeasurement state ρAB, i.e.,
max{∆CPr ,∆CTr } ≤ JA(ρAB), (294)
where JA(ρ
AB) ≔ S (ρB)−min{EA
k
}
∑
k qkS (ρB|EA
k
), and {EA
k
} rep-
resents local positive operator valued measurements for defin-
ing classical correlation and QD (Ollivier and Zurek, 2001).
Here, we provide a slightly different proof of the above equa-
tion from Zhang et al. (2017b). First, ∆CTr ≤ JA(ρAB) can in
fact be obtained directly from ∆CTr = S (ρ
B) −∑i piS (ρBi ) and
the ensemble {pi, S (ρBi )} obtained with the measurement op-
erators ΞA may not be optimal for attaining JA(ρ
AB). Second,
∆CPr ≤ JA(ρAB) is due to Eq. (293).
Moreover, when a maximization process is performed over
all possible ΞA, just like that of Eq. (287), the statements in
the above two equations still holds. The optimized coherence
gain ∆CPr equals zero if and only if ρ
AB =
∑
i Aii ⊗ |iA〉〈iA | [cf.
Eq. (46) for the meaning of Ai j] or a product state, while ∆C
T
r
equals zero if and only if ρAB = ρA ⊗ ρB.
4. Distribution of quantum coherence
The distribution of quantum coherence among the sub-
systems of a multipartite system is also an interesting re-
search direction. In fact, for quantum correlation measures
such as entanglement and QD, similar problems have been
studied via various monogamy inequalities, see, e.g., the
works of Bai et al. (2014); Osborne and Verstraete (2006);
Streltsov et al. (2012). For different coherence measures, one
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can also derive monogamy inequalities that impose limits on
their shareability among multipartite systems. For example,
for the l1 norm of coherence, it is direct to show that
Cl1 (ρ
A1A2···AN ) ≥
∑
i
Cl1(ρ
Ai ). (295)
for any multipartite system described by the density operator
ρA1A2···AN , with ρAi (i = 1, 2, . . . ,N) being the reduced density
operators.
For bipartite state ρAB with the reduced states ρA = trBρ
AB
and ρB = trAρ
AB, Xi et al. (2015) proved that the relative en-
tropy of coherence respects the monogamy relation
Cr(ρ
AB) ≥ Cr(ρA) + Cr(ρB). (296)
In fact, for the multipartite system described by the density
operator ρA1A2···AN , an application of Eq. (296) immediately
yields
Cr(ρ
A1A2···AN ) ≥
∑
i
Cr(ρ
Ai ). (297)
But a similar monogamy relation does not hold for the general
bipartite division of tripartite states. Even for the pure state
ρABC = |ψ〉ABC〈ψ| with ρAB = trCρABC and ρAC = trBρABC, the
relation
Cr(ρ
ABC) ≥ Cr(ρAB) +Cr(ρAC), (298)
holds with a very strong constraint, that is, there should exist
some real-valued parameters λ ∈ [0, 1] such that (Liu et al.,
2016b)
λS (ρABdiag) ≤ S (ρAB), (1 − λ)S (ρACdiag) ≤ S (ρAC). (299)
Radhakrishnan et al. (2016) also explored the distribution
of quantum coherence among constituents of a N-partite sys-
tem. By introducing a quantum version of the Jensen-Shannon
divergence (QJSD):
J(ρ, σ) = 1
2
[S (ρ‖(ρ + σ)/2) + S (σ‖(ρ + σ)/2)], (300)
or equivalently,
J(ρ, σ) = S
(
ρ + σ
2
)
− 1
2
S (ρ) − 1
2
S (σ), (301)
and using its square root as the distance measure of two states,
i.e., D = J1/2, they defined C(ρ) of Eq. (143) as the total
coherence, and
CI (ρ) = min
δS ∈IS
D(ρ, δS ), (302)
as the intrinsic coherence which excludes the contribution of
the subsystems, and
CL(ρ) = D(δ⋆S , δ⋆), (303)
as the local coherence. Here, IS is comprised of the states
δS =
∑
k pkτ
b
k,1
⊗ · · · ⊗ τb
k,N
obtained by choosing all the pos-
sible basis set {|bl,n〉〈bl,n|} (with τbl,n =
∑
l pl,n|bl,n〉〈bl,n|), while
δ⋆ and δ⋆
S
are the closest states for obtaining C(ρ) and CI(ρ),
respectively.
Building upon the above definitions, one has
C ≤ CL +CI ≤
∑
n
CL,n +CI , (304)
where the first inequality is a direct result of the metric prop-
erties of D (i.e., the triangle inequality), and the second one
is due to the subadditivity of CL for product δ
⋆
S
. In particu-
lar, for the N-partite system, one can divide it into different
subsystems, and calculate the corresponding coherence. For
example, we denote by C1:2 and C1:23 the intrinsic coherence
between subsystems 1 and 2, and between subsystem 1 and
the combined subsystem 23, and similarly for other cases. In
this way, Radhakrishnan et al. (2016) defined the multipartite
monogamy of coherence as
M =
N∑
n=2
C1:n −C1:2···N , (305)
which is monogamous for M ≤ 0 and polygamous otherwise.
They have calculatedM for the three-qubitW and GHZ states,
and showed the validity of it on analyzing coherence distribu-
tion in spin systems of the Heisenberg model.
Considering the fact that the coherence of a state ρ cannot
be larger than the average coherence of its ensemble states
{pi, ρi} (Baumgratz et al., 2014), Ma et al. (2017) studied the
distribution of quantum coherence from another perspective.
For ρ =
∑
i piρi, they introduced a quantity which they called
it accessible coherence,
Cacc(ρ) =
∑
i
piC(ρi) −C(ρ), (306)
which characterizes the coherence one gains when knowing
the information of the ensemble {pi, ρi}. Moreover, if a maxi-
mization is taken over all state decompositions of ρ =
∑
i piρi,
one can obtain the maximal accessible coherence. In fact, the
maximization is only necessary to be taken over the pure state
decompositions of ρ due to compact convexity of the density
matrix set.
For a bipartite state ρAB, they further defined the remaining
coherence as
Crem(ρAB) =C(ρAB) −C(ρA) − C(ρB)
−Cacc(ρA) −Cacc(ρB). (307)
That is to say, the coherence in ρAB are divided into the lo-
cal coherence and the local accessible coherence in its sub-
systems plus the remaining coherence. Through explicit ex-
amples, they showed that there are states for which the local
coherence and local accessible coherence vanishes, while the
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remaining coherence survives. Moreover, the remaining co-
herence can also be qualitatively different when being mea-
sured by the relative entropy and the l1 norm, e.g., there are
cases for which Crem
l1
(ρAB) = 0 and Cremr (ρ
AB) > 0.
For the skew-information-based coherence measure of Eq.
(226), Yu (2017) showed that for bipartite pure state |ψ〉AB
with the reduced states ρA and ρB, the following polygamy
relation holds
[1 −Csk(ρA)][1 −Csk(ρB)] ≥ 1 −Csk(|ψ〉AB), (308)
while for the mixed state ρAB, one has (Yu, 2017)
[1 −Csk(ρA)][1 −Csk(ρB)] ≥
∑
kk′
〈kk′|ρAB|kk′〉2, (309)
and
[1 − Csk(ρA)][1 − Csk(ρB)] ≥ 1
cs
[1 −Csk(ρAB)]2, (310)
where the right-hand side of Eq. (309) equals to tr(ρAB)2 −
Cl2 (ρ
AB), and cs = [r −∑iCsk(ρAi)][r −∑iCsk(ρBi)], with r =
rank(ρAB), and ρAi and ρBi are the reduced states of the ith
eigenstate of ρAB.
5. State ordering under different coherence measures
As various measures of quantum coherence have been
put forward up to now, one may wonder whether they im-
pose the same state ordering or not, just as the similar
problem encountered when comparing various entanglement
(Virmani and Plenio, 2000) and discordlike correlation mea-
sures (Hu and Fan, 2012b; Okrasa and Walczak, 2012).
When considering two measures of quantumness of a state
denoted by Q1 and Q2, if
Q1(ρ1) ≤ Q1(ρ2)⇐⇒ Q2(ρ1) ≤ Q2(ρ2), (311)
for arbitrary two states ρ1 and ρ2, then they are said to give
the same state ordering. Otherwise, they give inconsistent de-
scriptions of quantumness.
By concentrating on the coherence measures, Liu et al.
(2016a) examined state ordering problem imposed by the l1
norm of coherence, relative entropy of coherence, and coher-
ence of formation. Through explicit examples, they found that
these measures also impose different orderings of states. In
particular, for all measures of coherence that are equivalent
for pure states, they must impose different orderings for gen-
eral mixed states.
B. Complementarity of quantum coherence
As themeasures of quantum coherence are basis dependent,
a natural question that arises is how they behave when differ-
ent bases are involved?
1. Mutually unbiased bases
For the l1 norm and relative entropy measures of coherence,
Cheng and Hall (2016) studied tradeoffs between coherence
of the MUBs. Here, two observables and the resulting ba-
sis sets are said to be mutually unbiased if the measurement
outcomes of either one with respect to any eigenstate of the
other is uniformly distributed, i.e., the probability distribu-
tion is {1/d, · · · , 1/d} for a d-dimensional Hilbert space H .
For example, for qubits the three Pauli observables σx, σy,
and σz are mutually unbiased. In fact, when d = dimH is a
prime power, there always exists a complete set of d+1MUBs
(Wootters, 1986; Wootters and Fields, 1989).
If one uses the l1 norm of coherence Cl1(A j, ρ) as a quan-
tifier, with {A j}d+1j=1 being the MUBs and A j = {|a( j)i 〉}di=1,
Cheng and Hall (2016) obtained
Cl1(A j, ρ) ≤
√
d(d − 1)[P(ρ) − P(A j|ρ)], (312)
where P(ρ) = trρ2 and P(A j|ρ) = ∑i〈a( j)i |ρ|a( j)i 〉2 are called
the quantum and classical purities, respectively. On the other
hand, from the equality ρ =
∑
j ρ(A j) − 1 (Ivanovic, 1981),
with ρ(A j) = ∆(A j, ρ) denoting full dephasing of ρ in the basis
A j [see Eq. (142)], one can prove
∑
j P(A j|ρ) = 1+P(ρ), hence
d+1∑
j=1
C2l1 (A j, ρ) ≤ d(d − 1)[dP(ρ) − 1]. (313)
This is the complementarity relation for l1 norm of coherence
under the complete set of MUBs. It establishes connection be-
tween coherence and purity of a state, and bounds from above
distribution of coherence as well. This bound is tight as it is
saturated by the following states
ρǫ =
ǫ
d − 11 +
d(1 − ǫ) − 1
d − 1 |a
( j)
i
〉〈a( j)
i
|, (314)
with 0 ≤ ǫ ≤ 1.
Similarly, Cheng and Hall (2016) derived a complementar-
ity relation for the relative entropy of coherence
d+1∑
j=1
Cr(A j, ρ) ≤(d + 1)[log2 d − S (ρ)]
− (d − 1)[dP(ρ) − 1]
d(d − 2) log2(d − 1),
(315)
this bound is saturated for the maximally coherent state |Ψd〉,
and the second term on the right-hand side reduces to [P(ρ) −
0.5] log2 e for d = 2.
Cheng and Hall (2016) also defined the mean coherence
C¯(ρ) and the root mean square coherence rms[C(ρ)] as
C¯(ρ) =
∫
dUC(UρU†, ρ),
rms[C(ρ)] =
[∫
dUC2(UρU†, ρ)
]1/2
,
(316)
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where {U} denote the unitaries which transform one basis set
to another one, and dU is the normalized invariant Haar mea-
sure over {U}. Based on this, one can obtain
C¯l1 (ρ) ≤ rms[Cl1(ρ)] ≤
√
d(d − 1)[dP(ρ) − 1]
d + 1
,
C¯r(ρ) =
d∑
n=2
1
n
log2 e − [S (ρ) − Q(ρ)],
(317)
where {λi}di=1 are eigenvalues of ρ, and
Q(ρ) = −
d∑
i=1
λd
i
log2 λi∏
j,i(λi − λ j)
, (318)
is the quantum subentropy (Datta et al., 2014).
2. Incompatible bases
Following the established notions for various entropic
uncertainty relations (EURs) [see the review paper of
Coles et al. (2015)], Singh et al. (2016a) further discussed
tradeoff relations between quantum coherence of the MUBs.
First, for single-partite quantum state ρ, it follows immedi-
ately from the EUR H(P) + H(Q) ≥ log2(1/c) + S (ρ) that
Cr(Q, ρ) +Cr(R, ρ) ≥ log2(1/c) − S (ρ), (319)
where
c = max
k,l
|〈ψQ
k
|ψRl 〉|2, (320)
with {|ψQ
k
〉} and {|ψR
l
〉} denoting respectively, the eigenstates of
the two incompatible observablesQ andR. Similarly, by using
the EUR derived by Korzekwa et al. (2014) and Sa´nchez-Ruiz
(1998), one can obtain two new lower bounds for the sum of
coherence, which are as follows
Cr(Q, ρ) +Cr(R, ρ) ≥ log2(1/c)[1 − S (ρ)],
Cr(Q, ρ) +Cr(R, ρ) ≥ H
1 +
√
2c − 1
2
 − 2S (ρ), (321)
and they may be more or less optimal than the bound of Eq.
(319) due to the different values of c and the form of ρ.
For single-qubit state ρ, Yuan et al. (2017) obtained new
lower bounds for the sum of coherence measures under two
incompatible bases. By denoting P′ = 2trρ2 − 1, these bounds
can be written explicitly as
Cr(Q, ρ) +Cr(R, ρ) ≥ H
1 +
√
P′(2
√
c − 1)
2
 − S (ρ),
Cl1(Q, ρ) +Cl1 (R, ρ) ≥ 2
√
P′c(1 − c),
RI(Q, ρ) + RI(R, ρ) ≥ H

1 +
√
1 − 4P′(√c − c)
2
 .
(322)
Second, for the bipartite state ρAB, by using the quantum-
memory-assisted EUR (Berta et al., 2010)
S (Q|B) + S (R|B) ≥ log2(1/c) + S (A|B), (323)
and taking the eigenstates Ξ = {|ψX
k
〉|ϕB
j
〉} (X = {Q,R}, and
|ϕB
j
〉 is the eigenstate of ρB = trAρAB) as the basis, we have
Cr(Ξ, ρ
AB) +Cr(Ξ, ρ
AB) ≥ log2(1/c) − S (A|B), (324)
where the bound on the right-hand side can be further tight-
ened by using the concept of QD (Pati et al., 2012).
Similarly, if one considers the mutually incompatible ob-
servables {Q1,Q2, · · · ,Qn}, with the corresponding eigenstate
bases {|ψQ1
k1
〉|ψQ2
k2
〉 · · · |ψQn
kn
〉} and Ξi = {|ψQiki 〉|ϕBj 〉}, then by using
the formulas established by Liu et al. (2015), one can obtain
n∑
i=1
Cr(Qi, ρ) ≥ log2(1/b) − S (ρ),
n∑
i=1
Cr(Ξi, ρ
AB) ≥ log2(1/b) − S (A|B),
(325)
and this can be considered as an extension of the results for
two mutually unbiased observables.
3. Complementarity between coherence and mixedness
For the class of states with fixed mixedness, the amount of
quantum coherence contained in themmay be different. Using
the linear entropy measure of mixedness
Ml(ρ) =
d
d − 1 (1 − trρ
2), (326)
and the l1 norm of coherence given in Eq. (157), Singh et al.
(2015) derived a tradeoff relation between the two quantities,
C2
l1
(ρ)
(d − 1)2 + Ml(ρ) ≤ 1, (327)
where the first term on the left-hand side can be seen as the
square of the normalized coherence, C˜l1(ρ) ≔ Cl1(ρ)/(d − 1).
It sets a fundamental limit to the amount of coherence that can
be extracted from the class of states with equal mixedness, and
vice versa.
Moreover, in the same vein with the definition of maxi-
mally entangled mixed states (Ishizaka and Hiroshima, 2000;
Peters et al., 2004; Verstraete et al., 2001), Singh et al. (2015)
considered the class of MCMS given in Eq. (168), and found
that the upper bound in Eq. (328) is saturated, as it gives
Cl1 (ρmcms) = p(d − 1), Ml(ρmcms) = 1 − p2, (328)
for 1 ≤ p ≤ 1. In fact, ρmcms constitutes also the class of states
with maximal mixedness for fixed coherence.
Although Singh et al. (2015) pointed out that similar trade-
offs apply to the relative entropy of coherence [i.e., Cr(ρ) +
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S (ρ) ≤ 1, which is incorrect as Cr(ρ) + S (ρ) = S (ρdiag) ≤
log2 d], and the fidelity-based measure of coherence for sin-
gle qubit state [see Eq. (174)], it remains as a challenge to
generalize the complementarity relation (328) to other coher-
ence measures which are on equal footing with the l1 norm
of coherence. Some other progress have been made, e.g.,
Zhang et al. (2017a) have showed that if the mixedness of ρ is
defined via the fidelity as
Mg(ρ) = F(ρ, 1 /d) =
1
d
(tr
√
ρ)2, (329)
then by combing this with Eq. (178) and further using the
mean inequality
∑
i xi ≤ (d
∑
i x
2
i
)1/2 (∀xi ∈ R), it is easy to
see that
Cg(ρ) + Mg(ρ) ≤ 1 −
∑
i
b2ii +
1
d
∑
i
bii

2
≤ 1, (330)
with equality holding for ρmcms of Eq. (168).
Stimulated by the work of Horodecki et al. (2003a) and
Gour et al. (2015), a resource theory of purity was established
by Streltsov et al. (2018). In this framework, the only free
state is the maximally mixed state ρmm = 1 /d, and the set
of free operations is the unital operations ΛU. A functional
P(ρ) is said to be a purity monotone if it is nonnegative and
P(ΛU[ρ]) ≤ P(ρ). P(ρ) is a purity measure if it further satisfies
the additivity property P(ρ ⊗ σ) = P(ρ) + P(σ) and normal-
ization condition P(|ψ〉) = log2 d. Moreover, it is convex if∑
i piP(ρi) ≥ P(
∑
i piρi).
Based on the above framework, Streltsov et al. (2018) in-
troduced a coherence-based purity monotone
PC(ρ) ≔ maxΛUC(ΛU[ρ]) = C(ρmax), (331)
with C being any MIO monotone. When C is defined by the
contractive distance D, the combination of the above equa-
tion with Eq. (253) further gives PC(ρ) = D(ρ, 1 /d). This
shows another connection between purity of a state and the
maximum amount of quantum coherence achievable by suit-
able unitary operation.
Moreover, Streltsov et al. (2018) also introduced a Re´nyi
α-entropy purity measure
Pα(ρ) = log2 d −
1
1 − α log2{tr(ρ
α)}, (332)
for α ≥ 0, which is also convex when α ∈ [0, 1]. In particular,
the Re´nyi 2-entropy purity measure P2(ρ) = log2{dtr(ρ2)} is
quantitatively related to the linear entropy of purity trρ2, and
when α→ 1, we have the traditional relative entropy of purity
Pr(ρ) = log2 d − S (ρ). (333)
C. Duality of coherence and path distinguishability
With roots in quantum optics, quantum coherence lies at
the heart of interference phenomenon. The presence of coher-
ence in a quantum system can be seen as a manifestation of
the wave nature of it (Bagan et al., 2016; Bera et al., 2015),
while the path distinguishability or which-path information
signifies its complementarity aspect, i.e., the particle nature
of it. The quantitative connections between them can be in-
vestigated in the context of unambiguous quantum state dis-
crimination (UQSD) or ambiguous quantum state discrimina-
tion (AQSD), which are implementable in interference exper-
iments.
1. Unambiguous quantum state discrimination
Bera et al. (2015) proposed to use quantum coherence to
signify the wave nature of a particle, and the upper bound of
the success probability of UQSD to signify its particle aspect.
Let {|ξi〉} be a collection of states which may be nonorthogo-
nal, then the task of UQSD is to find with certainty which of
them is the given one, see Qiu (2002); Zhang et al. (2001) and
references therein.
In the N-path interference experiment, we denote by {|ψi〉}
the orthogonal basis state of the path. Then if the initial state
of the particle entering the interferometer is
|ψ〉s =
N∑
i=1
ci|ψi〉, (334)
with
∑
i |ci|2 = 1, and the related detector state is |0i〉. Their
combined state after the interaction operation is
|ψ〉sd =
N∑
i=1
ci|ψi〉 ⊗ |ξi〉. (335)
To discriminate the which-path information, the experimenter
can perform measurements on the detector states. The prob-
ability for successfully discriminating them is proved to be
bounded from above by (Qiu, 2002; Zhang et al., 2001)
puqsd ≤ DQ ≔ 1 − 1
N − 1
∑
i, j
|cic j||〈ξi|ξ j〉|, (336)
whereDQ sets a limit to the ability of the experimenter to dis-
tinguish between the states {|ξi〉} (and hence {|ψi〉}), although
it may not be achievable in real experiments.
On the other hand, the postmeasurement state of the particle
is
ρ′s =
∑
i, j
cic
∗
j〈ξ j|ξi〉|ψi〉〈ψ j|, (337)
hence
Cl1 (ρ
′
s) =
∑
i, j
|cic j||〈ξ j|ξi〉|, (338)
in the path basis {|ψi〉}. Based on these, Bera et al. (2015)
derived the following relation
Cl1 (ρ
′
s)
N − 1 +DQ = 1, (339)
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It characterizes in a quantitative way the wave-particle duality.
In particular, for two- and three-path situations with uniform
|ci|, the normalized coherence C˜l1 = Cl1/(N−1) is also quanti-
tatively related to the interference fringe visibilityV, namely,
C˜l1 = V and C˜l1 = 2V/(3 − V), respectively (Bera et al.,
2015).
Moreover, for the case of initially mixed particle state ρs =∑
i ρi j|ψi〉〈ψ j| and pure detector state, or the more general case
of both initially mixed particle and detector states, Bera et al.
(2015) showed that the equality of Eq. (338) becomes inequal-
ity
Cl1 (ρ
′
s)
N − 1 +DQ ≤ 1. (340)
By using a slightly different path distinguishability D =
[DQ(2 − DQ)]1/2, Qureshi and Siddiqui (2017) further gave
an equivalent form of Eq. (340), i.e.,
C2
l1
(ρ′s)
(N − 1)2 +D
2 ≤ 1, (341)
which is similar to the complementarity relationD2 +V2 ≤ 1
given by Englert (1996).
In we put a screen behind the slits, the interference pattern
of the particle is described by the probability density of parti-
cle hitting the screen at particular position. Paul and Qureshi
(2017) considered one such kind of problem. For the particle-
detector state |ψ〉sd of Eq. (335), the expression for the pattern
on the screen is given by |〈x|ψ〉sd|2. For an N-slit experiment
with the width of the slits being ǫ, and the distance between
any two neighboring slits (between the slits and the screen) is
ℓ (D), then if we assume that the state that emerges from the
jth slit is a Gaussian along the x axis and centered ad x j = jℓ,
the state of the particle hitting the screen at a position x will
be (Paul and Qureshi, 2017)
〈x|ψ(t)〉sd = At
N∑
j=1
c j exp
[
− (x − jℓ)
2
ǫ2 + iλD/π
]
|ξ j〉, (342)
where At = {2/[π(ǫ + iλD/πǫ)]}1/4 (i is the imaginary unit),
and |ψ(t)〉sd is the evolved state with |ψ(0)〉sd being given by
Eq. (335).
Then by using the facts that ǫ2 ≪ (λD/π)2 and the distance
between the primary maxima λD/ℓ ≫ jℓ, one can obtain that
the intensity of the fringe I(x) = |〈x|ψ(t)〉sd|2 at position x is
given by Paul and Qureshi (2017)
I(x) =|At|2 exp
[
− 2ǫ
2x2
(λD/π)2
] 1 +
∑
j,k
|c jck |
×|〈ξ j|ξk〉| cos
[
2πxℓ(k − j)
λD
+ θk − θ j
]}
,
(343)
where we have defined ck |ξk〉 = |ck||ξ′k〉eiθk , with |ξ′k〉 being real.
By choosing θk = θ j (∀k, j), one can obtain from the above
equation that at positions xm = mλD/ℓ (m ∈ Z) of the primary
maxima, the intensity of the fringe is given by
Imax = |At|2 exp
[
− 2ǫ
2x2m
(λD/π)2
] 1 +∑
j,k
|c jck||〈ξ j|ξk〉|
 . (344)
Moreover, when a phase randomizer is applied to the setup
such that the phases of the incoming state at different slits are
randomized (i.e., the incoming state becomes incoherent), the
cosine term of Eq. (343) will disappear, thus we have
Iinc = |At|2 exp
[
− 2ǫ
2x2m
(λD/π)2
]
. (345)
Finally, by combining the above two results with Eq. (338),
one can obtain directly that
Imax − Iinc
Iinc
= Cl1 (ρ
′
s), (346)
In fact, from Eq. (343) one can see directly that when the
which-path information is completely indistinguishable (i.e.,
〈ξ j|ξk〉 = 1, ∀k, j), the intensity of the interference fringe at
the primary maximum xm = mλD/ℓ is given by
I‖max = |At|2 exp
[
− 2ǫ
2x2m
(λD/π)2
] 1 +∑
j,k
|c jck |
 . (347)
Similarly, when the which-path information is completely dis-
tinguishable (i.e., 〈ξ j|ξk〉 = 0, ∀k, j), the intensity of the inter-
ference fringe at the primary maximum xm = mλD/ℓ turns out
to be
I⊥max = |At|2 exp
[
− 2ǫ
2x2m
(λD/π)2
]
. (348)
Then it is obvious that
I
‖
max − I⊥max
I⊥max
= Cl1 (ρ
′
s). (349)
The implementation of the above scheme for measuring
quantum coherence depends essentially on whether there ex-
its such a path detector which is (at least) capable of making
the which-path information completely indistinguishable and
distinguishable.
2. Ambiguous quantum state discrimination
Different from UQSD, one always has a result in the AQSD
experiments, but it may be right or wrong, and the task of the
experimenter is to minimize the probability of being wrong to
its theoretical limit (Englert, 1996), hence it is also known as
minimum-error state discrimination .
By using the l1 norm of coherence to characterize the wave
nature, and an upper bound on the average probability paqsd of
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successfully discriminating the path information to character-
ize the particle nature, Bagan et al. (2016) derived the follow-
ing duality relation between them(
Cl1(ρ
′
s)
N − 1
)2
+
(
Npaqsd − 1
N − 1
)2
≤ 1, (350)
where ρ′s is the same as Eq. (337). To discriminate the which-
path information, the experimenter can perform POVM on the
reduced detector state ρd =
∑
i |ci|2ρξi (with ρξi = |ξi〉〈ξi|), and
the average probability paqsd =
∑
i |ci|2tr(Πi|ξi〉〈ξi|) is showed
to be upper bounded by
paqsd ≤ 1
N
+
1
2N
∑
i j
‖Λi j‖1, (351)
where {Πi} is the set of POVM, while Λi j = |ci|2ρξi − |c j|2ρξj is
the Helstron matrix of the state pair (ρ
ξ
i
, ρ
ξ
j
), and
‖Λi j‖1 = 2
√( |ci|2 + |c j|2
2
)2
− |cic j|2|〈ξi|ξ j〉|2. (352)
Bagan et al. (2016) also derived a duality relation between
the relative entropy of coherence and path distinguishability,
i.e.,
Cr(ρ
′
s) + H(M :D) ≤ H({pi}), (353)
where H(M :D) = H({p j}) + H({qi}) − H({pi j}) is the mutual
information of D = {p j} andM = {qi}, andH(·) is the Shannon
entropy, with the probabilities pi j = tr(Πiρ
ξ
j
)p j, p j =
∑
i pi j =
|c j|2, and qi = ∑ j pi j = tr(Πiρd).
Eq. (353) holds as well even if its second term on the left-
hand side is replaced by the accessible information Iacc, which
is defined as the maximum value of H(M :D) over all possible
POVMs, and characterizes how well an experimenter can do
at inferring the detector states.
Recently, it has been pointed out by Qureshi and Siddiqui
(2017) that the upper bound of Eq. (350) may not be saturated
for general pure states |ψ〉sd if N ≥ 3. It is also doubted as the
two terms on its left-hand side (which characterize the wave
and particle nature of a quanton, respectively) can increase or
decrease simultaneously.
D. Distillation and dilution of quantum coherence
1. Standard coherence distillation and dilution
In the same spirit as entanglement distillation and entangle-
ment formation, one can also consider the tasks of coherence
distillation and coherence formation by incoherent operations
Λ, see Fig. 5(a). The former corresponds to the transforma-
tion of a general state ρ to the maximally coherent one, i.e.,
the distillation of ρ to Ψ2 = |Ψ2〉〈Ψ2|, while the latter is the
formation of ρ from Ψ2. The corresponding optimal rate can
be recognized as an operational measure of coherence.
FIG. 5 (a) Coherence distillation and coherence formation. (b) As-
sisted coherence distillation with general operation on party A, in-
coherent operation on B, and two-way (one-way) classical commu-
nication between them. (c) Coherence distillation with incoherent
operations on both A and B and classical communication. (d) Re-
mote creation of coherence on party A with quantum operation on B
and classical communication from B to A.
In the asymptotic setting (i.e., infinitely many copies of ρ),
Winter and Yang (2016) defined the distillable coherence as
the maximal rate at which Ψ2 can be obtained from ρ, i.e.,
Cd(ρ) = sup{R : lim
n→∞
ε→0
(inf
Λ
‖Λ(ρ⊗n) −Ψ⊗⌊nR⌋
2
‖1) ≤ ε}, (354)
and the coherence cost which is the minimal rate at which Ψ2
has to be consumed for formatting ρ is dually to Eq. (354),
with only the supremum being replaced by the infimum, and
Λ acting on Ψ⊗⌈nR⌉
2
. The central results are that Cd(ρ) equals
to the relative entropy of coherenceCr(ρ), while Cc(ρ) equals
to the coherence of formation
C f (ρ) ≔ min{pi ,ψi}
∑
i
piS (∆[ψi]), (355)
which involves a minimization over all pure state decomposi-
tions of ρ showed in Eq. (13) (Aberg, 2006), and the additivity
of C f and Cr implies that both Cd and Cc are additive as well.
Moreover, different from the possible bound entanglement
in a state, Winter and Yang (2016) found that there is no
bound coherence, that is, there does not exist quantum state
for which its creation consumes coherence while no coher-
ence could be distilled from it. Thus,
Cd(ρ) = 0⇒ Cc(ρ) = 0, (356)
which reveals that quantum coherence in any state is always
distillable.
Bu et al. (2017b) considered an one-shot version of coher-
ence distillation. They defined the relevant coherence cost for
formatting a quantum state ρ under MIO as
C
(1),ε
c,MIO
(ρ) = inf
{ΛMIO}
M∈Z
{log2 M|F[ρ,ΛMIO(ΨM+ )] ≥ 1 − ε}, (357)
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where ΨM+ = |ΨM+ 〉〈ΨM+ | with |ΨM+ 〉 =
∑M
i=1 |i〉/
√
M, and F(·) is
the Uhlmann fidelity given in Eq. (52) [note that it equals to
the square of that adopted by Bu et al. (2017b)]. Then, they
showed that, for any ε > 0, one has
C
2
√
ε
max (ρ) ≤ C(1),εc,MIO(ρ), (358)
so the smooth maximum relative entropy of coherence bounds
from below the one-shot coherence cost.
Similar to the one-shot coherence distillation, one can also
consider the one-shot version of coherence dilution, in which
the corresponding coherence cost reads
CεO(ρ) = inf
Λ∈O
{log2 M|F[ρ,Λ(ΨM+ )] ≥ 1 − ε}, (359)
where O is one of the free operations {MIO,DIO, IO, SIO}.
To establish an operational interpretation for the coherence
measure, Zhao et al. (2018) further introduced an ε-smoothed
coherence measure Cε(ρ) = minρ′∈Bε(ρ) C(ρ
′), where Bε(ρ) =
{ρ′|F(ρ, ρ′ ≥ 1−ε)}. Based on these preliminaries, they proved
that for any ε > 0, we have
Cεmax(ρ) ≤ CεMIO(ρ) ≤ Cεmax(ρ) + 1,
Cε∆,max(ρ) ≤ CεDIO(ρ) ≤ Cε∆,max(ρ) + 1,
CεMIO(ρ) = C
ε
SIO(ρ) = C
ε
0(ρ),
(360)
and in the asymptotic limit, the ε-smoothed coherence
equivalents either to the relative entropy of coherence
(Baumgratz et al., 2014) or to the coherence of formation
(Winter and Yang, 2016), i.e.,
C∞MIO(ρ) = C
∞
DIO(ρ) = Cr(ρ),
C∞IO(ρ) = C
∞
SIO(ρ) = C f (ρ).
(361)
where C∞O (ρ) = limε→0,n→∞C
ε
O(ρ
⊗n)/n. This result, together
with that of Winter and Yang (2016), implies that the role of
MIO and IO in the asymptotic scenario of coherence dilution
is the same as we also have C∞IO(ρ) = Cr(ρ).
2. Assisted coherence distillation
In analogy to assisted entanglement distillation,
Chitambar et al. (2016) investigated the task of assisted
coherence distillation in the setting of local quantum-
incoherent operations and classical communication (LQICC),
see Fig. 5(b). In this task, two players, Alice and Bob, share
n copies of ρAB, and Alice’s objective is to help Bob to distill
as much quantum coherence as possible. Different from
the allowable LOCC in assisted entanglement distillation,
LQICC represents quantum operations ΛQI that are general
on Alice’s side and incoherent on Bob’s side. In this setting,
the set QI of free states called the quantum-incoherent (QI)
states are given by χAB =
∑
i piρ
A
i
⊗ |iB〉〈iB|, with pi the
probabilities, ρA
i
arbitrary states for subsystem A, and {|iB〉}
the incoherent basis for subsystem B.
Formally, the generated maximum coherence is called “co-
herence of collaboration” (CoC) for two-way communication,
and “coherence of assistance” (CoA) in the one-way situation,
for which Alice holds a purifying state and only she is allowed
to announce the measurement results. Chitambar et al. (2016)
defined the optimal rate of distillable CoC as
C
A|B
d
(ρ) = sup{R : lim
n→∞
(inf
ΛQI
‖ΛQI(ρ⊗n)−Ψ⊗⌊nR⌋2 ‖1) = 0}, (362)
where CA|B
d
is upper bounded by the QI relative entropy CA|Br ,
i.e.,
C
A|B
d
(ρAB) ≤ CA|Br (ρAB), (363)
with equality holding for any pure state, and
CA|Br (ρ
AB) = min
χAB∈QI
S (ρAB‖χAB) = S (∆B[ρAB]) − S (ρAB),
(364)
where ∆B[ρAB] denotes dephasing of ρAB in the incoherent ba-
sis of B.
Moreover, when extended to the situation with N ≥ 2 as-
sistants, the global operations across all auxiliary systems do
not necessarily outperform the local operations on generating
coherence, e.g., for the initial state |Ψ〉A1···ANB with B being a
qubit, local operations on A1, · · · , AN together with classical
communication are enough to localize maximum coherence
on B.
Chitambar et al. (2016) also proposed quantitative defini-
tions of CoA and the regularized CoA, which are given re-
spectively, by
Ca(ρ) = max{pi ,ψi}
∑
i
piCr(ψi), C
∞
a (ρ) = lim
n→∞
1
n
Ca(ρ
⊗n), (365)
and the maximization is taken over the pure state decomposi-
tions ρ showed in Eq. (13). Moreover, for qubit states ρ, the
CoA is showed to be additive, i.e., Ca(ρ
⊗n) = nCa(ρ).
Notably, there exists some resemblance between CoA of the
state ρ =
∑
i, j ρi j|i〉〈 j| and entanglement of assistance (EoA) of
the related maximally correlated state ρmc of Eq. (290), that
is,
Ca(ρ) = Ea(ρmc), C
∞
a (ρ) = E
∞
a (ρmc) = S (∆[ρ]). (366)
Moreover, for pure state |ψ〉AB, the CoC equals to the regular-
ized CoA, i.e.,
C
A|B
d
(|ψ〉AB) = C∞a (ρB) = S (∆[ρB]), (367)
which immediately yields that the maximum extra coherence
that Bob can gain [comparedwith the standard distillation pro-
tocol (Winter and Yang, 2016)] with Alice’s assistance equals
to the von Neumann entropy of ρB.
By replacing LQICC with the local incoherent operations
and classical communication (LIOCC), Chitambar and Hsieh
(2016) further studied the coherence-entanglement tradeoffs
in a task similar to Chitambar et al. (2016), but now both the
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two parties’ operations are restricted to be local incoherent,
see Fig. 5(c). In this new setting, if we denote by RA (RB)
the rate of coherence formation for Alice (Bob), and Eco that
of entanglement formation between Alice and Bob, then the
triple (RA,RB, Eco) is achievable if for every ε > 0 there exists
a LIOCC ΛII and integer n such that
‖ΛII(Ψ⊗⌈n(R
A+ε)⌉
2
⊗Ψ⊗⌈n(RB+ε)⌉
2
⊗Φ⊗⌈n(Eco+ε)⌉
2
)−ρ⊗n‖1 ≤ ε, (368)
where the twoΨ2 belong to Alice and Bob, respectively, while
Φ2 = |Φ2〉〈Φ2| with |Φ2〉 = (|00〉+ |11〉)/
√
2 is shared between
them. Similarly, (RA, AB, Eco) is the achievable coherence-
entanglement distillation triple if
‖ΛII(ρ⊗n)−Ψ⊗⌊n(R
A−ε)⌋
2
⊗Ψ⊗⌊n(RB−ε)⌋
2
⊗Φ⊗⌊n(Eco−ε)⌋
2
‖1 ≤ ε. (369)
For pure states Ψ = |Ψ〉AB〈Ψ|, Chitambar and Hsieh (2016)
obtained the possible optimal triples of resource formation
(RA, AB, Eco) = (0, S (B|A)∆(Ψ), S (A)∆(Ψ)),
(RA, AB, Eco) = (S (A)∆(Ψ), S (B|A)∆(Ψ), E(Ψ)),
(RA, AB, Eco) = (0, 0, S (AB)∆(Ψ)),
(370)
with S (X)∆(Ψ) [S (X|Y)∆(Ψ)] the von Neumann entropy (condi-
tional entropy) of ∆(Ψ), and E(Ψ) = S (A)Ψ the entanglement
of Ψ. Using monotonicity of a LIOCC monotone
CL(ρ
AB) = min
{pi ,ψi}
∑
i
piCL(ψi), (371)
with ρAB =
∑
i piψi, ψi = |ψi〉〈ψi|, and
CL(ψi) = S (A)∆(ψi) + S (B)∆(ψi) − E(ψi), (372)
Chitambar and Hsieh (2016) also derived the optimal resource
distillation tripes
(RA, AB, Eco) = (S (A)∆(Ψ) − E(Ψ), S (B)∆(Ψ), 0),
(RA, AB, Eco) = (0, S (B|A)∆(Ψ), I(A :B)∆(Ψ)),
(373)
where I(A :B)∆(Ψ) is the mutual information of ∆(Ψ).
It is evident that the distillable coherence rate sumCLIOCC
D
=
RA + RB that can be distilled simultaneously at Alice and
Bob’s side is constrained by their shared entanglement. By
further defining two similar quantities CGlobal
D
and CLIO
D
, the
former with global incoherent operations, and the latter with
local incoherent operations without classical communication,
Chitambar and Hsieh (2016) found that for Ψ, the differences
δ(Ψ) = CGlobalD (Ψ) − CLIOCCD (Ψ),
δc(Ψ) = C
LIOCC
D (Ψ) − CLIOD (Ψ),
(374)
are given by
δ(Ψ) = E(Ψ) − I(A :B)∆(Ψ), δc(Ψ) = E(Ψ). (375)
They describe, respectively, the extra coherence rates that can
only be distilled by nonlocal incoherent operations and by us-
ing the data communicated via a classical channel.
Ma et al. (2016b) considered a similar scenario of collab-
orative creation of coherence, see Fig. 5(d). Here, two par-
ties share a state ρAB, and their aim is to create coherence on
A with the help of quantum operation solely on B and one-
way classical communication from B to A. They called this as
remote creation of coherence (RCC), and obtained relations
between the created coherence and entanglement of ρAB. By
using the operator-sum representation E(·) = ∑i Ei(·)E†i , and
denoting ρ˜A = trB(1 A ⊗E)ρAB/p′ (with p′ = tr(1 A ⊗E)ρAB the
probability of getting ρ˜A), they proved that the RCCC(ρ˜A) = 0
if and only if ρAB =
∑
i pi
∑
k q
i
k
|k〉〈k| ⊗ ρB
i
, namely, it is an
incoherent-quantum state.
For the initial pure state |ψAB〉 with vanishing coherence on
A, the RCC is nonzero if and only if there exists a basis {|i〉}
which gives [N, (〈i| ⊗ 1 )|ψAB〉〈ψAB|(|i〉 ⊗ 1 )] , 0, with N =∑
i E
†
i
Ei ≤ 1 . The amount of RCC measured by the l1 norm is
bounded above by
Cl1(ρ˜
A) ≤ E(|ψ
AB〉)
p′
√∑
j<i
|N ji|2, (376)
where E(|ψAB〉) denotes the concurrence of |ψAB〉, and N jis are
matrix elements of N under the Schmidt decomposition basis
of ρB = trA(|ψAB〉〈ψAB|). Furthermore, if the channel E is trace
preserving, the average RCC
C¯l1 (|ψAB〉) ≔
∑
i
piCl1 (ρ˜
A
i ), (377)
with ρ˜A
i
= trB[(1 A ⊗ Ei)|ψAB〉〈ψAB|(1 A ⊗ Ei)]/pi and pi =
tr[(1 A ⊗ Ei)|ψAB〉〈ψAB|(1 A ⊗ Ei)], has the following bound
C¯
A|B
l1
(|ψAB〉) ≤ d
2
E(|ψAB〉)C¯A|B
l1
(|ΦAB〉), (378)
with |ΦAB〉 being the maximally entangled state in the Schmidt
decomposition basis of |ψAB〉, and for d = 2 case, the equality
in the above equation holds. This also establish an operational
connection between created coherence of a subsystem and en-
tanglement of the composite system, although applies only for
the initial pure states.
E. Average coherence of randomly sampled states
As is known, some measures of quantumness manifest
concentration effect, e.g., the random bipartite pure states
sampled from the uniform Haar measure are typically max-
imally entangled (Hayden et al., 2006). Along the same line,
Singh et al. (2016b) studied the coherence properties of pure
states chosen randomly from the uniform Haar measure, and
found that most of them possess almost the same amount of
coherence which are not typically maximally coherent.
For the Haar distributed random pure states ψ = |ψ〉〈ψ| with
dimension d ≥ 3, they considered the average coherence of
the form
C¯(ψ) ≔
∫
d(ψ)C(ψ) =
∫
dµ(U)C(U |1〉〈1|U†), (379)
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withU being sampled from the uniformHaar distribution, and
C(ψ) can be any faithful measure of coherence.
First, for the relative entropy of coherence, its average over
all ψ was found to be
C¯r(ψ) = Hd − 1, (380)
with Hd =
∑d
k=1(1/k) the dth harmonic number, and the log-
arithm in Eq. (144) is with respect to natural base here. The
probability for |Cr(ψ) − (Hd − 1)| > ǫ is upper bounded by
2e−dǫ
2/36π3 ln 2 ln2 d, hence the randomly chosenψwithCr(ψ) not
close to Hd − 1 is exponentially small. This is the concentra-
tion phenomenon for relative entropy of coherence. It reveals
that most Haar distributed random ψ have Hd − 1 amount of
coherence, which is solely determined by the parameter d.
Second, for l1 norm of coherence, they found that the mean
classical purity P¯(∆[ψ]) averaged over the Haar distributed ψ
is given by 2/(d+1). The probability for |P(∆[ψ])−2/(d+1)| >
ǫ is 2e−dǫ
2/18π3 ln 2, which is also exponentially small for ǫ → 0.
Thus by using the upper bound of Cl1 (ψ) given in Eq. (312),
one has
C¯l1 (ψ) ≤
√
d(d − 1)2/(d + 1). (381)
Finally, to show most of the Haar distributed pure states are
not typically maximally coherent, Singh et al. (2016b) calcu-
lated the average trace distance between ρ
ψ
diag
and the maxi-
mally mixed state ρmm (which is the optimal δ for |Ψd〉). The
result shows that
D¯(ρψ
diag
, ρmm) = 2(1 − 1/d)d, (382)
which approaches 2/e in the limit of d → ∞. The probability
for a divergence of the amount ǫ is 2e−dǫ
2/18π3 ln 2, which is
arbitrary small for ǫ → 0. This shows that the optimal δ for
the majority of Cr(ψ) are not ρmm, hence the random Haar
distributed ψ are not maximally coherent.
In fact, for the uniformly distributed pure states, the average
l1 norm of coherence can be obtained. The corresponding an-
alytical result is derived by Bu et al. (2016b), which is given
by
C¯l1 (ψ) =
(d − 1)π
4
, (383)
and there is no concentration phenomenon for it, this is be-
cause the probability forCl1(ψ) not close to (d−1)π/4 is given
by 2e−4ǫ
2/9dπ3 ln 2, which is finite when d → ∞. But the scaled
l1 norm of coherence Cl1 (ρ)/(d − 1) concentrates around π/4
for very large values of d, and the probability for a divergence
of the amount ǫ is given by 2e−4(d−1)
2ǫ2/9dπ3 ln 2.
Similarly, for d-dimensional randomly mixed states sam-
pled from various induced measures, Zhang et al. (2017c)
considered the average relative entropy of coherence
C¯r(α, γ) ≔
∫
dµα,γ(ρ)Cr(ρ)
=
∫
dµα,γ(UΛU
†)Cr(UΛU†),
(384)
with Λ = diag{λ1, · · · , λd}, and UΛU† is the isospectral full-
ranked density matrices (i.e., the spectra of Λ is nondegener-
ate), and µα,γ is the normalized probability measure on the set
of density matrixD(Cd).
For the special case of mixed ρ sampled from induced mea-
sures obtained via partial tracing of the Haar distributed dd′-
dimensional (d′ ≥ d) pure states ψ, the average coherence can
be further obtained analytically as C¯r(α, γ) = (d − 1)/2d′ for
(α, γ) = (d′ − d + 1, 1). If d is further restricted to d ≥ 3, the
probability for |Cr(α, γ) − (d − 1)/2d′| > ǫ is bounded from
above by 2e−dd
′ǫ2/144π3 ln 2 ln2 dd′ . Hence, nearly all ρ obtained
via partial tracing over the uniformly Haar distributed random
pure bipartite states ψ in the Hilbert spaceHd′ have coherence
approximately equal to the average relative entropy of coher-
ence. These results were further extended by the same author
in a recent work (Zhang, 2017).
V. QUANTUM COHERENCE IN QUANTUM INFORMATION
A. Quantum state merging
For a quantum protocol with two or more parties, e.g., the
simplest case of two players, Alice and Bob, one may won-
der how much coherence is localized (or consumed) at Bob’s
side, and simultaneously, how much entanglement is estab-
lished (or consumed) for Alice and Bob, after finishing the
pre-designed computation procedure?
Streltsov et al. (2016) explored such a problem. They dis-
cussed the protocol of quantum state merging under IO, which
they called incoherent quantum state merging, and is indeed
an analog of the standard state merging with general quantum
operations (Horodecki et al., 2005b). In this task, Alice, Bob,
and a referee share the state ρRAB. Alice and Bob also have
access to Φ2 at rate E, and Bob has access to Ψ2 at rate C.
The goal is for them to merge the state of AB on Bob’s side
by LQICC, i.e., Alice performs general quantum operations,
while Bob is restricted to IO only.
By denoting E = Ei−Et andC = Ci−Ct, with Ei and Et (Ci
andCt) being the entanglement rate of AB (local coherence of
B) before and after the state merging protocol, Streltsov et al.
(2016) showed that the entanglement-coherence pair (E,C) is
achievable if there exists Ei, Et, Ci, Ct, and sufficiently large
integers n such that
‖ΛQI [ρ⊗ni ⊗ Φ⌊(Ei+δ)n⌋2 ⊗Ψ⊗⌊(Ci+δn)⌋2 ]
− ρ⊗nt ⊗Φ⊗⌈Etn⌉2 ⊗ Ψ⊗⌈Ctn⌉2 ‖1 ≤ ε,
(385)
is satisfied for every ε > 0 and δ > 0. Moreover, ρi = ρ
RAB ⊗
|0B˜〉〈0B˜|, ρt = ρRB˜B⊗ |0A〉〈0A|, and |0B˜〉 is the initial state of the
auxiliary system B˜ (with the same dimension as A) belong to
Bob. E > 0 (C > 0) corresponds to entanglement (coherence)
consumption in the task of state merging, while E < 0 (C < 0)
corresponds to the reverse situation, i.e., the merging protocol
is achievable for free, with the additional gain of entanglement
(coherence) at rate |E| (|C|).
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On the above basis, Streltsov et al. (2016) found that the
sum of E and C is upper bounded by a nonnegative quantity,
i.e.,
E +C ≤ S (∆AB[ρRAB]) − S (∆B[ρRAB]), (386)
where ∆AB and ∆B are the same as that in Eq. (364). The
equality holds for any pure state ρRAB, for which (E,C) re-
duces to (E0, 0), with E0 = S (ρ¯
AB)− S (ρ¯B) and ρ¯AB = ∆(ρAB).
It implies that whenever E < 0, we must have C ≥ 0, and
vice versa. Therefore, there is no state merging procedure for
which entanglement and coherence can be gained simultane-
ously. This can be recognized as an operational complemen-
tarity relation between entanglement of a bipartite state and
quantum coherence of its reduction.
B. Deutsch-Jozsa algorithm
The Deutsch-Jozsa algorithm is one of the first quantum al-
gorithms in quantum information science. It uses quantum co-
herence as a resource, and this enables its speedup compared
with that of the classical counterpart (Deutsch, 1992).
By considering a discrete quantum walk version, Hillery
(2016) studied the Deutsch-Jozsa algorithm. It is performed
in three steps: (i) let the particle sitting at the edge between 0
and A (with the state denoting as |0, A〉) traverses the vertex A,
which transforms it to UA|0, A〉 = ∑Nj=0 |A, j〉/√(N + 1); (ii)
It goes further from A to B between which there are N paths,
and there will be a phase eiφ j (φ j = 0 or π) being added after
traversing the vertex of the jth path, thus the state becomes
(|0,−1〉 + ∑Nj=1 eiφ j | j, B〉)/√(N + 1); (iii) Finally, the particle
traversing the vertex B and it is transformed into
1√
N + 1
| − 1,−2〉 + 1
N + 1
N∑
j,k=1
eiφ je2πi jk/(N+1)|B, k〉
+
1
N + 1
N∑
j=1
eiφ j |B,N + 1〉.
(387)
To discuss in a quantitativeway how quantum coherence af-
fects performance of the algorithm, Hillery (2016) further in-
troduced a qubit (with the initial state |0〉) to every path of the
graph. By supposing the qubit state |µ j〉 = α j|0〉 j + β j|1〉 j after
traversing the jth vertex, and defining |η〉 j = |µ j〉∏Nk, j |0〉k and
|η〉0 = ∏Nk=0 |0〉k, their state after passing through the N paths
will be
|Ψ〉in = (|0,−1〉|η0〉 +
N∑
j=1
eiφ j | j, B〉|η j〉)/
√
(N + 1), (388)
for which the l1 norm of coherence is given by Cl1(|Ψ〉in) =
∑N
j,k |〈ηk |η j〉|/(N+1), and the output state after the vertex B is
|Ψ〉out = 1√
N + 1
| − 1,−2〉|η0〉
+
1
N + 1
N∑
j,k=1
eiφ je2πi jk/(N+1) |B, k〉|η j〉
+
1
N + 1
N∑
j=1
|η j〉eiφ j |B,N + 1〉,
(389)
then the the probability of finding the particle on the edge be-
tween B and N + 1 is
p = |〈B,N + 1|Ψ〉out|2
=
1
(N + 1)2
N∑
j,k=1
ei(φ j−φk)〈ηk |η j〉
≤ N
(N + 1)2
+
Cl1 (|Ψ〉in)
N + 1
.
(390)
Clearly, the amount of coherence in the system limits our
ability to distinguish between the constant case (i.e., all φ j
are the same and thus p takes the maximum value) and the
balanced case (half of φ j are zero and half of φ j are π, thus p
takes the minimum value).
When one have not detect the particle in the edge between
B and N+1, one can guess we have the balanced case. Hillery
(2016) calculated the error probability for the classical and
quantumDeutsch-Jozsa algorithm afterm trials of the discrete
quantum walk experiments, and found they are given respec-
tively, by
pclasserror =
1
2m
, p
quant
error =
1
2
(1 − v)m, (391)
with v = 〈ηk |η j〉 is supposed to be positive for all j , k. Thus if
v is larger than a critical value, the quantum algorithm always
outperforms its classical counterparts.
C. Grover search algorithm
TheGrover search algorithm is another important algorithm
in the developments of quantum information science (Grover,
1997). The pursue of the reason for the speedup of this algo-
rithm attract researchers’ interest for many years.
For an N-qubit database initialized as
|ψ0〉 =
√
j
N
|X〉 +
√
N − j
N
|X⊥〉, (392)
where |X〉 = ∑xs |xs〉/√ j, |X⊥〉 = ∑xn |xn〉/√N − j, and j rep-
resents the number of solutions. To optimize the success prob-
ability, one can perform the Grover operation
G = OD, (393)
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with O = 1 −2|X〉〈X| and D = 2|ψ0〉〈ψ0|−1 . After r iterations
of the Grover operationG, the initial state |ψ0〉 turns to be
|ψr〉 ≡ Gr |ψ0〉 = sinαr |X〉 + cosαr |X⊥〉, (394)
with αr = (2r+ 1) arctan
√
j/(N − j). The success probability
for finding the correct result is p(r) = sin2 αr , and the optimal
times of search is given by ropt = CI[(π − α)/2α], with CI[x]
denoting the closest integer to x.
Shi et al. (2017) calculated the relative entropy and the l1
norm of coherence for |ψr〉, and found that the success prob-
ability p(r) depends on the amount of quantum coherence re-
maining in |ψr〉. To be explicit,
Cr(|ψr〉) = H(p) + log2(N − j) + p log2
j
N − j ,
Cl1(|ψr〉) =
[ √
jp +
√
(N − j)(1 − p)
]2 − 1, (395)
both of which decrease with the increasing value of p. There-
fore, the larger the quantum coherence depletion (or equiva-
lently, the less the remaining quantum coherence in |ψr〉), the
bigger the success probability one can obtain.
Shi et al. (2017) also calculated the quantum coher-
ence depletion for the generalized Grover search algorithm
(Biham et al., 1999), and found that the required optimal
search time may increase with the increasing quantum co-
herence depletion. Moreover, quantum correlations such as
quantum entanglement and QD cannot be directly related to
the success probability or the optimal search time.
D. Deterministic quantum computation with one qubit
The DQC1 algorithm is the first algorithm that shows quan-
tum computation can outperform those of the classical com-
putation even without entanglement (Jozsa and Linden, 2003;
Laflamme et al., 2002). The standard DQC1 algorithm starts
with an initial product state |0〉〈0| ⊗ (1 /2n), and then it was
transformed into
ρ˜AR =
1
2
(
1 2 ⊗ 1 2
n
2n
+ |0〉〈1| ⊗ U
†
2n
+ |1〉〈0| ⊗ U
2n
)
, (396)
after performing a Hadamard operation on the first qubit, who
then served as the control qubit when a controlled unitary op-
eration U is performed on the target qubits in the maximally
mixed state 1 2n/2
n (Knill and Laflamme, 1998). The goal of
this algorithm is to estimate the normalized trace of U.
As the reduced states of the control qubit after the series
operations is given by
ρ˜A =
1
2
(
1 trU
†
2n
trU
2n
1
)
, (397)
the estimation can be finalized by measurements of the ancilla
in an appropriate basis, i.e., 〈σx + iσy〉ρ˜A = trU/2n.
For the above fashion of DQC1, several works have been
undertaken to understand the origin of its superiority over
the classical algorithm (Dakic´ et al., 2010; Datta et al., 2008;
Datta and Gharibian, 2009). Recently, Ma et al. (2016a) pro-
vided a further viewpoint of its superiority from the perspec-
tive of quantum coherence. By choosing the computational
basis for the ancilla qubit and the the eigenbasis of U for the
register as the reference basis, they studied how the interplay
between coherence consumption and creation of QD works in
DQC1, and showed that
D¯(ρ˜AR) ≤ δC(ρA), D¯R|A(ρ˜AR) ≤ δC(ρA), (398)
which are direct consequences of Eqs. (280) and (281). When
being measured by the relative entropy, the coherence con-
sumption can be obtained (note that ρA is maximally coherent)
from Eq. (396) as
δC(ρA) = Cr(ρ
A) −Cr(ρ˜A) = H2
(
1 − |trU |/2n
2
)
, (399)
where H2(·) is the binary Shannon entropy function. It shows
that the speedup of this algorithm always corresponds to the
consumption of quantum coherence in the ancilla. When there
is no coherence to be consumed, we must have |trU | = 2n, and
thus U = eiφ1 for some φ.
By considering a duplication of the DQC1 protocol termed
as nonlocal deterministic quantum computation with two
qubits (NDQC2), i.e., the collaborative task of estimating the
product of normalized traces of two unitaries without obtain-
ing the individual trace value of each unitary, Shahandeh et al.
(2017) found that its computational advantage can be achieved
with quantum states that have no quantum entanglement and
QD. To interpret this phenomenon, they introduced an oper-
ational definition of nonclassical correlations, that is, a state
ρAB is said to be nonclassical if it enables a collaborative task
only using correlated inputs and measurement results of cor-
relations more efficiently than any classical algorithm. Based
on this framework, they defined
Cnet(ρAB) = C(ρAB) − C(ρA) −C(ρB), (400)
and suggested that this quantity can be used for interpreting
the efficiency of the NDQC2 protocol, as its quantum advan-
tage is achieved only when Cnet(ρAB) > 0.
For the relative entropy of coherence, from Eq. (296) it is
clearly that Cnetr (ρ
AB) ≥ 0, and it takes the maximum for the
maximally coherent states of the form of Eq. (140). Moreover,
ρAB is a classical-classical state if and only ifCnet(ρAB) = 0 for
certain reference bases. Operationally, when there are no local
coherence, i.e., when C(ρA) = C(ρB) = 0, two spatially sep-
arated parties (Alice and Bob) cannot distil quantum coher-
ence on neither sides using LICC if and only if Cnetr (ρ
AB) = 0.
This shows another physical implication of the net global co-
herence as a primitive property of quantum systems which is
distinct from those captured by entanglement or QD.
Based on the aforementioned facts, Shahandeh et al. (2017)
also gave a basis dependent characterization of nonclassical
states, that is, a state ρAB is said to be nonclassical if and only
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if
Cnetr,max(ρ
AB) = max
{|i〉A | j〉B}
Cnetr (ρ
AB) > 0, (401)
and it vanishes only for the product states ρAB = ρA ⊗ ρB. On
the contrary, as Cnetr (ρ
AB) = I(ρAB)− I(∆[ρAB]), then when it is
minimized over the reference bases, we obtain the symmetric
discord (Hu and Fan, 2017), see Eq. (284).
E. Quantum metrology
Considering an explicit metrology task, i.e., the phase dis-
crimination (PD) game. In this game, a particle in the state ρ ∈
D(Cd) passes through a black box, after which an unknown
phase was encoded to it as UφρU
†
φ, with Uφ =
∑d−1
j=0 e
i jφ| j〉〈 j|,
φ ∈ R, and {| j〉} being the reference basis. For a collection of
pairs Θ = {pk, φk}m−1k=0 , the goal of the PD game is to predict
the phases {φk}with success probability as high as possible. In
general, the optimal probability can be obtained by optimizing
over all measurements {Mk}, and it is given by
psuccΘ (ρ) = max{Mk}
∑
k
pktr[UφkρU
†
φk
ρ], (402)
Napoli et al. (2016) showed that for the above metrology
task, the optimal probability can be linked to RoC of the state
ρ, i.e.,
max
Θ
psucc
Θ
(ρ)
psucc
Θ
(I) = 1 +CR(ρ), (403)
where the maximum is achieved for Θ⋆ = {1/d, 2πk/d}d−1
k=0
,
and psucc
Θ
(I) is the corresponding classical probability ob-
tained only by guessing. Therefore,CR(ρ) quantifies the quan-
tum advantage of the PD task, thus suggests a prominent role
of RoC in quantum information processing.
Yu (2017) also investigated a similar metrology task. The
difference is that they linked the skew-information-based co-
herence measure Csk(ρ) in Eq. (226) to uncertainty of the es-
timated phase. By using the quantum Crame´r-Rao bound
(δφk)
2 ≥ 1
NF (ρφ) , (404)
with F (ρφ) being the quantum Fisher information given in Eq.
(133), they showed that
1
4NCsk(ρ)
≤
∑
k
(δφ⋆k )
2 ≤ 1
8NCsk(ρ)
, (405)
where δφ⋆
k
denotes the optimal variance. It shows that the
measurement precision can be increased by increasing RoC
of the state ρ.
By considering the subchannel discrimination task which is
a generalization of the PD task, Bu et al. (2017b) provided an
operation interpretation for the maximum relative entropy of
coherence defined in Eq. (216). Here, the subchannel refers
to a map that is linear completely positive and trace nonin-
creasing, and an instrument I for a channel E = ∑a Ea is
a collection of subchannels {Ea}. The optimal probability of
successfully discriminating the subchannels in I reads
Psucc
I
(ρ) = max
{Mk}
∑
a
tr[Ea(ρ)Mk], (406)
where the optimization is taken over the POVM {Mk}. If we
are restricted to the set of incoherent states, the resulting op-
timal probability turns out to be Psucc
I
(I) = maxσ∈I PsuccI (σ).
Bu et al. (2017b) showed that the optimal maximum advan-
tage achievable in subchannel discrimination can be charac-
terized by the maximum relative entropy of coherence. To be
precise, we have
2Cmax(ρ) = max
I
Psucc
I
(ρ)
Psucc
I
(I) , (407)
which is very similar to Eq. (402) as Cmax(ρ) is connected to
CR(ρ) via Cmax(ρ) = log2[1 +CR(ρ)], see Eq. (217).
VI. QUANTUM CORRELATIONS AND COHERENCE UNDER
QUANTUM CHANNELS
As a precious physical resource for implementing quantum
computation and communication tasks that are otherwise im-
possible classically, and due to the obvious fact that nearly
all quantum systems are inevitably interact with their sur-
roundings which may cause decoherence and other negative
effects, the study of GQD and quantum coherence, in partic-
ular, the control and maintenance of them in noisy environ-
ments, is of equal importance to the study of other similar
problems such as quantum correlation measures (Modi et al.,
2012; Xu and Li, 2013).
A. Frozen phenomenon of QD and quantum coherence
1. Freezing of quantum discord
Hassan and Joag (2013) investigated the family of local
quantum channels under the action of which the QD is pre-
served for all bipartite states. By using a result of Petz (2003)
which says that
S (ρ‖σ) = S (T [ρ]‖T [σ]), (408)
if and only if the map ρ 7→ T [ρ] and σ 7→ T [σ] are invertible,
they showed that the mutual-information-based QD is frozen
for all states if and only if the channels are invertible. Explic-
itly, by denotingΛA (ΛB) the quantum channel acting on party
A (B), then
DA(ρ
AB) = DA(ΛA ⊗ ΛB[ρAB]), (409)
if and only if there exists Λ∗
A
and Λ∗
B
such that
(Λ∗A ⊗ Λ∗B)(ΛA ⊗ ΛB)[ρAB] = ρAB,
(Λ∗A ⊗ Λ∗B)(ΛA ⊗ ΛB)[ρA ⊗ ρB] = ρA ⊗ ρB.
(410)
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Moreover, for a distancemeasure of two states that is mono-
tonic under the action of quantum channel, the corresponding
GQD defined based on it is frozen if and only if the local quan-
tum channels ΛA and ΛB are invertible. The related distance
measures include those based on the trace norm and Uhlmann
fidelity.
For certain quantum channels, the QD may be frozen for a
restricted family of states. You and Cen (2012) studied such a
problem. They considered the phase damping channel whose
action on a state can be described by Λpd(ρ) =
∑
i EiρE
†
i
, with
E0 = diag{1, p(t)}, E1 = diag{0,
√
1 − p2(t)}, (411)
being the Kraus operators, and p(t) a time-dependent param-
eter containing the information of the channel. For the initial
Bell-diagonal states ρBell of Eq. (34) with one subsystem sub-
jecting to the channel Λpd, they obtained necessary and suf-
ficient conditions for freezing QD, which are given in terms
of the triple (c1, c2, c3). Explicitly, the QD in ρ
Bell is frozen if
and only if
c2 = −c1c3, |c1| > |c3|
or c1 = −c2c3, |c2| > |c3|.
(412)
The above condition is also of special importance for study-
ing the universal freezing of geometric quantum correlations
(Cianciaruso et al., 2015). Besides these, they also general-
ized their results to an extended family of two-qubit states
ρ = ρBell +
1
4
(c12σ1 ⊗ σ2 + c21σ2 ⊗ σ1), (413)
and obtained a similar necessary and sufficient conditions.
Haikka et al. (2013) also studied the frozen phenomenon of
QD in dephasing reservoir. The difference is that they consid-
ered the explicit Ohmic-type spectrum given by
J(ω) = ωsω1−sc e
−ω/ωc , (414)
withωc being cutoff frequency of the reservoir, and it is said to
be sub-Ohmic if 0 < s < 1, Ohmic if s = 1, and super-Ohmic
if s > 1. For a subset of the initial Bell-diagonal state
ρBellsub =
1 + c
2
|Ψ±〉〈Ψ± | + 1 − c
2
|Φ±〉〈Φ±|, (415)
with |Ψ±〉 = (|00〉 ± |11〉)/
√
2 and |Φ±〉 = (|01〉 ± |10〉)/
√
2,
they obtained the expression of the evolved QD, and found
that if e−Λ(t¯) = c [Λ(t) is the dephasing factor], then there will
be a transition from classical decoherence to quantum deco-
herence. But if there is no solution for e−Λ(t¯) = c, the QD will
be frozen forever, with the time-invariant value
DA(ρ
Bell
sub ) =
1 + c
2
log2(1 + c) +
1 − c
2
log2(1 − c). (416)
The (s, c) region for which the frozen condition is satisfied
is determined by temperature of the reservoir. For the zero-
temperature case, they obtained numerically the correspond-
ing (s, c) region, which shrinks with the increase of c and van-
ishes when c & 0.16.
For two qubits prepared initially in the Bell-diagonal states
described by the triple (c1, c2, c3), there may be universal
freezing of GQD defined based on the distance measuresD of
quantum states that satisfy the following conditions: (i) con-
tractivity under CPTP maps, (ii) invariant under transposition,
and (iii) convexity under mixing of states. Distance of this
type include the relative entropy, the squared Bures distance,
the squared Hellinger distance, and the trace distance.
From the above conditions, Cianciaruso et al. (2015) con-
sidered the initial Bell-diagonal state ρBell of Eq. (34) with the
triple (c1,−c1c3, c3), and proved that its distance to (c1, 0, 0)
[(0, 0, c3)] is independent of c1 (c3). Moreover, one of the
closest classical state to ρBell is still a Bell-diagonal state
(s1, s2, s3) with however only one of sk is nonzero, and for
the special case c2 = −c1c3, the closest classical state further
reduces to (c1, 0, 0) if |c1| > |c3|, and (0, 0, c3) otherwise. This
extends the results of Eq. (412). As it shows Eq. (412) holds
for general distance measure of states satisfying the above
three conditions.
Based on these formulas, Cianciaruso et al. (2015) found
that when the two qubits are subject to independent phase flip
(similar for bit flip and bit-phase flip) channels, the GQDs
satisfying the above three conditions will be frozen in the time
interval t < t∗ = −(1/2γ) ln(|c3(0)|/|c1(0)|). As this conclusion
depends only on the proposed properties of distance measures
of states, it shows the universal freezing of geometric quantum
correlations.
Montealegre et al. (2013) studied the trace norm of dis-
cord for a two-qubit system (initially prepared in the Bell-
diagonal state) passes through the local bit flip, phase flip,
bit-phase flip, and generalized amplitude damping channels.
Through detailed analysis with different initial state parame-
ters (c1, c2, c3), they found that the trace norm of discord ex-
hibits the phenomenon of freezing behavior during its evo-
lution process. Aaronson et al. (2013a) discussed the trace
norm of discord with the locally applied phase-flip channels
and random external fields and observed the freezing phe-
nomenon. They also compared dynamics of the total and clas-
sical classical correlations defined via the trace norm, see Eq.
(43). Moreover, the trace norm, Bures distance, and Hellinger
distance measure of GQD for two non-interacting qubits sub-
ject to two-sided and one-sided thermal reservoirs have also
been investigated (Hu and Sun, 2015). In fact, the frozen phe-
nomenon of various GQDs were proved to be universal by
Aaronson et al. (2013b) and Cianciaruso et al. (2015).
2. Freezing of quantum coherence
For a N-qubit quantum system subject to local independent
and identical decohering environments, Bromley et al. (2015)
studied decay dynamics of coherence and provided important
insights between them and the discordlike correlation mea-
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sures. The extension of two-qubit Bell-diagonal states, i.e.,
ρBellN =
1
2N
1 ⊗N2 +
3∑
i=1
ciσ
⊗N
i
 , (417)
are also described by the triple (c1, c2, c3). For a system with
even number of qubits, Bromley et al. (2015) found that if
c2 = (−1)N/2c1c3, (418)
then all bona fide distance-based coherence measures will be
permanently frozen for local bit flip channel (similar result
can be obtained for local bit-phase flip channel by exchanging
c1 and c2). These include the relative entropy of coherence for
general even N, and the trace norm of coherence for N = 2.
Moreover, for general one-qubit state (i.e., ρBell
N
with N = 1)
subject to bit flip channel, the l1 norm of coherence is frozen
forever if c2 = 0, while for the two-qubit state of Eq. (22) with
the elements of T vanishing for all non-diagonal elements, it
is frozen when the parameters
x2 = y2 = 0, T22 = uT11, (−1 ≤ u ≤ 1). (419)
Experimentally, the freezing phenomenon for relative en-
tropy of coherence (Baumgratz et al., 2014), fidelity-based
measure of coherence (Streltsov et al., 2015), and trace norm
of coherence (Bromley et al., 2015) for two and four qubits
exposing to the phase damping channel were observed in an
nuclear magnetic resonance system (Silva et al., 2016).
If an incoherent operation satisfy not only KiIK†i ⊂ I, but
also the additional constraint K†
i
IKi ⊂ I for all Ki, then it is
said to be strictly incoherent (Winter and Yang, 2016). Their
Kraus operators contain at most one nonzero entry in each row
and each column, and incoherent channels of such type cover
the paradigmatic source of noises in quantum information sci-
ence, e.g., the bit flip, phase flip, bit-phase flip, depolarizing,
amplitude damping, and phase damping channels.
By restricting to strictly incoherent channels, Yu et al.
(2016a) established a measure-independent freezing condition
of coherence, which states that for any initial state of a system,
all measures of its coherence are frozen if and only if its rel-
ative entropy of coherence is frozen. The proof for this claim
comprises two essential steps. First, if δ⋆ is the closest inco-
herent state to ρ in the definition of Cr(ρ), then Λ[δ
⋆] is the
closest state toΛ[ρ] forCr(Λ[ρ]). Second, if the channel maps
ρ(0) to ρ(t), i.e., Λ[ρ(0)] = ρ(t), then one can always construct
an incoherent operation which gives the map R[ρ(t)] = ρ(0).
For a system of N qubits interacting independently with
N bit flip (not necessary to be identical) channels, Yu et al.
(2016a) further identified two families of states for which all
measures of quantum coherence are frozen, they are given re-
spectively by:
(1) |ϕ±
l
〉 = (|l〉 ± |l¯〉)/
√
2, with the sequences l = l1l2 · · · lN ,
l¯ = l¯1 l¯2 · · · l¯N , l1 = 0, li,1 = {0, 1}, l¯i = 1 − li.
(2) ρ =
∑
l pl[p|ϕ+l 〉〈ϕ+l | + (1 − p)|ϕ−l 〉〈ϕ−l |], with 0 ≤ p ≤ 1,
and pl being any probability distribution.
By decomposing state ρ as Eq. (154), and using a transfor-
mation matrix T to describe the action of E, i.e.,
E†(Xi) =
∑
j
Ti jX j, (420)
Hu and Fan (2016a) also derived a condition for freezing the
l1 norm of coherence. They found that when Tk0 = 0 for
k ∈ {1, 2, . . . , d2 − d}, and T S (the submatrix of T consisting
Ti j with i ranging from 1 to d
2 − d and j from 1 to d2 − 1) is
a rectangular block diagonal matrix, with the main diagonal
blocks
T Sr =
(
T2r−1,2r−1 T2r−1,2r
T2r,2r−1 T2r,2r
)
(r ∈ {1, . . . , d0}), (421)
being orthogonal matrices, i.e., (T Sr )
TT Sr = 1 2, the l1 norm
of coherence for ρnˆ will be frozen during the entire evolution.
Here, ρnˆ represents states with the characteristic vectors ~x [see
Eq. (154)] along the same or completely opposite directions
but possessing different lengths.
B. Enhancing the quantum resources via quantum
operations
Since QD and quantum coherence are both quantum prop-
erties of quantum states, the ability of a quantum channel to
create and/or enhance strength of QD or quantum coherence is
related to the quantumness of the channel. It is then of interest
to study whether a channel has the ability to create quantum
resources, and how many quantum resources the channel can
create or enhance.
1. Creation of quantum discord from classical states
When a bipartite system is coupled to a common bath, it
was proved that a Markovian dissipative quantum channel can
generate QD from some bipartite product states if and only if
it cannot be reduced to individual decoherence channels in-
dependently acting on each qudit (Hu et al., 2011). Further, if
the subsystems initially share classical correlations, even local
operations can create QD.
The local creation of quantum correlations was first studied
by Streltsov et al. (2011a). They investigated the completely
decohering (or semiclassical) channel Λsc described by
Λsc(ρ) =
∑
k
pk(ρ)|k〉〈k|, (422)
and the unital channel Λu which keeps the maximally mixed
state invariant. For a single qubit of a multiqubit system sub-
ject to a channel, they proved strictly that Λsc and Λu are the
only two types of channels that cannot create quantum corre-
lations. Equivalently, for qubit systems, a necessary and suf-
ficient condition for a local channel to create quantum corre-
lation is that the channel is neither completely decohering nor
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unital. The geometric quantum correlations defined based on
contractive distance measures of states are further showed to
be nonincreasing under local semiclassical channels and local
unital channels. However, this result does not hold for states
with higher dimensions. For multi-qudit states with dimen-
sion d ≥ 3, even unital channels can create quantum correla-
tion.
Hu et al. (2012) defined commutativity-preserving chan-
nels Λcp as those preserve the commutativity of any two input
states, that is,
[ρ, σ] = 0⇒ [Λcp(ρ),Λcp(σ)] = 0. (423)
For any finite-dimensional multipartite systems, they proved
that a channel Λ acting locally on B of a quantum-classical
state can create quantum correlation if and only if Λ < Λcp.
For qubit case, a commutativity-preserving channel is either
a completely decohering channel or a unital channel. For
qutrit case, a commutativity-preserving channel is either a
completely decohering channel or an isotropic channel, which
is defined as
Λiso(ρ) = pΓ(ρ) + (1 − p)1
d
, (424)
with p being the parameter for ensuring CPTP ofΛiso, and Γ is
either a unitary operation [−1/(d − 1) 6 p 6 1] or is unitarily
equivalent to transpose [−1/(d − 1) 6 p 6 1/(d + 1)].
Hu et al. (2012) also conjectured that for systems with di-
mension higher than 3, a commutativity-preserving channel is
also either isotropic or completely decohering. Guo and Hou
(2013a) further gave an affirmative answer to this conjecture.
They proved that Λ acting on party B of a system cannot
create QD (i.e., DB(ρAB) = 0 ⇒ DB(1 ⊗ Λ[ρAB]) = 0) if
and only if it is either a completely decohering channel or a
nontrivial isotropic channel (Λiso with p , 0). Channels of
these types are also showed to preserve commutativity and
normality of quantum states. Furthermore, ΛB which yields
DB(ρAB) = 0 ⇔ DB(ΛB[ρAB]) = 0 are restricted only to the
nontrivial isotropic channels.
Ciccarello and Giovannetti (2012) considered the local cre-
ation of QD by a Markovian amplitude-damping channel de-
scribed by Λad(ρ) =
∑
i EiρE
†
i
, with
E0 = |0〉〈0| +
√
1 − p(t)|1〉〈1|, E1 =
√
p(t)|0〉〈1|. (425)
For the initial state
ρ =
1
2
(|0〉〈0| ⊗ τ0 + |1〉〈1| ⊗ τ1), (426)
with the length of local Bloch vectors for τ0 and τ1 equal to
each other (i.e., |~s0| = |~s1| = s), they obtained
DB(ρ) =h
(
1 + s| cos(ϕ/2)|
2
)
+ h
(
1 + s| sin(ϕ/2)|
2
)
− h
(
1 + s
2
)
− 1,
(427)
where ϕ is the angle between ~s0 and ~s1. Using this formula,
they showed rigorously that Λad acting on B can create QD
from ρ. In fact, it is easy to check that Λad is neither a com-
pletely decohering nor a unital channel, hence the local cre-
ation of QD in the present case is easy to understand from the
result of Hu et al. (2012).
Nowwe have reviewed the conditions on the quantum chan-
nels which has the ability to increase quantum correlations.
An equally important problem is to characterize the quantum
states whose quantum correlations can be increased locally.
Hu and Fan (2015c) studied this problem by employing the
tool of quantum steering ellipsoids (Jevtic et al., 2014). They
considered the amplitude damping channel acting on qubit B
of a Bell-diagonal state of Eq. (34). For such a state, both EA
and EB are unit spheres shrunk by c1, c2 and c3 in the x, y and
z direction, respectively. It is observed that, the local increase
of discord occurs when |c1| ≫ |c2|, |c3|. An interesting conse-
quence is that, the local quantum operation can increase the
QD of an entangled state.
2. Enhancing the coherence via quantum operations
Quantum coherence measures should be monotonically de-
creasing under IO, which are a strict subset of non-coherence-
generating (NC) channels. The behavior of different measures
of coherence under the action of NC channels was studied
by Hu (2016). While the relative entropy of coherence was
proved monotone under all NC channels, the coherence of
formation C f can be increased by some NC channels. An ex-
ample was presented that C f of a two-qubit state is increased
when a NC qubit channel is acting on one of the two qubits.
Here, the NC channel is chosen as Λ(·) = E1(·)E†1 + E2(·)E†2,
with
E1 =
1
2
(
1 0
−1
√
2
)
, E2 =
1
2
(
1
√
2
1 0
)
, (428)
and the two-qubit input state is Ψ+ ≡ |Ψ+〉〈Ψ+ | with |Ψ+〉 =
(|00〉+ |11〉)/√2. It was checked that theC f of the output state
is strictly larger than the input state, i.e.,C f (1 ⊗Λ(Ψ+)) > 1 =
C f (Ψ
+). Interestingly, the channel Λ(·) can never increase C f
of a single-qubit state, so the ability of this channel to increase
coherence is enhanced when extending to composed Hilbert
space. The reason for this enhancement is that, the local NC
operation turn the quantum correlation into the local coher-
ence, and meanwhile increase the quantum coherence of the
total state.
Although the amount of coherence for a state cannot be en-
hanced under IO by definition, this does not prevent us from
obtaining probabilistically a postmeasurement state with en-
hanced coherence when selective measurements are allowed,
e.g., by retaining those ρn = KnρK
†
n/pn [pn = tr(KnρK
†
n )] that
satisfy C(ρn) > C(ρ) and discarding the other ρn, one can ob-
tain a mixed state
∑
n|C(ρn)>C(ρ) pnρn with enhanced coherence.
Liu et al. (2017a) considered one such problem. By taking
the l1 norm of coherence as a measure and considering the
51
stochastic strictly incoherent operation Λs whose Kraus oper-
ators {Kn}Ln=1 (a subset of SIO) fulfilling
∑L
n=1 K
†
nKn ≤ 1 , they
obtained the maximum attainable coherence for the postmea-
surement state Λs[ρ], which reads
max
Λs
Cl1 (Λs[ρ]) = λmax
(
ρ−1/2
diag
|ρ|ρ−1/2
diag
)
− 1, (429)
where λmax(·) is the largest eigenvalue of ρ−1/2diag |ρ|ρ−1/2diag , and |ρ|
is a matrix obtained from ρ by taking absolute values to all
its elements. Liu et al. (2017a) also constructed the Kraus
operator and the corresponding optimal probability for ob-
taining Eq. (429). If ρ is irreducible, by denoting |ϕmax〉 =
(ϕ1, ϕ2, . . . , ϕd)
T (d = dim ρ) the eigenvector corresponding
to the largest eigenvalue of ρ−1/2
diag
|ρ|ρ−1/2
diag
and Uin an arbitrary
incoherent unitary matrix, one has
K′ = min
i
√
ρii
ϕi
Uindiag
(
ϕ1√
ρ11
,
ϕ2√
ρ22
, . . . ,
ϕd√
ρdd
)
,
pmax(ρ) = min
i
ρii
ϕ2
i
,
(430)
and if ρ is reducible, i.e., it can be transformed by a permuta-
tion matrix into p1ρ1 ⊕ p2ρ2 ⊕ . . . ⊕ pnρn ⊕ 0, one has
K′ = Uin(K′1 ⊕ K′2 ⊕ . . . ⊕ K′n ⊕ 0),
pmax(ρ) =
∑
λαmax=λmax
pαpmax(ρα),
(431)
with
K′α = min
i
√
ρα
ii
ϕα
i
diag
 ϕα1√
ρα
11
,
ϕα
2√
ρα
22
, . . . ,
ϕα
d√
ρα
dd
 . (432)
3. Energy cost of creating quantum coherence
As it has been shown in the above sections, quantum oper-
ations acting on an incoherent state can map it to be incoher-
ent. The amount of quantum coherence in a non-maximally
coherent state can also be enhanced via some quantum op-
erations. When the quantum operations are restricted to be
unitary, it has been shown by Hu and Fan (2017), Yao et al.
(2016b), and Yu et al. (2016c) that the maximal achieved rel-
ative entropy of coherence is log2 d − S (ρ) for any initial state
ρ, see Eq. (146). When ρ is incoherent, this is also the maxi-
mal coherence created by unitary operation.
In a similar manner, Misra et al. (2016) also considered the
maximal creation of quantum coherence. They considered the
initial state to be the thermal state of a system, and adopted
eigenbasis {| j〉} of the system Hamiltonian Hˆ as the reference
basis. The initial thermal state ρT = e−Hˆ/T (T is the temper-
ature) before acting the unitary operation is incoherent. The
maximum amount of relative entropy of coherence created by
using unitary operations thus has the same form as Eq. (146),
i.e., Cmaxr (ρ
f ) = log2 d − S (ρT ), where ρ f = UρTU† denotes
the output state after performing the unitary operation.
To construct the corresponding optimal unitary operations,
Misra et al. (2016) used the maximally coherent basis {|φ j〉}
which are very similar to that of the maximally entanglement
basis (e.g., for the two-qubit case they are the four Bell states).
Here, all {|φ j〉} have maximal value of coherence, and they are
orthogonal to each other. To be explicit, they can be written
as
|φ j〉 = 1√
d
d−1∑
m=0
ei
2π jm
d |m〉, (433)
which is in fact a map of Z =
∑
m e
2πim/d |m〉〈m| on the maxi-
mally coherent state |Ψd〉, and i in the superscript is the imag-
inary unit. Then they gave an unitary operation
U =
d−1∑
j=0
|φ j〉〈 j|, (434)
for which the output state after the action of it is given by
ρ f =
1
Z
d−1∑
j=0
e−E j/T |φ j〉〈φ j|, (435)
thus S (ρ
f
diag
) = log2 d.
On the other hand, during these processes of coherence cre-
ation and coherence enhancement, a supply of external energy
is needed. Hence, it is natural to inquire if there are quantita-
tive connections between the created quantum coherence and
the amount of energy cost? In general, the energy cost is given
by ∆E = tr(UρU†Hˆ) − tr(ρHˆ).
For the case of initial thermal state ρT , by using the fact that
tr(ρ f Hˆ) = tr(ρ
f
diag
Hˆ) as Hˆ is diagonal, and the maximum en-
tropy principle which says that the thermal state has maximum
entropy among all states with a fixed average energy (Jayness,
1957a,b), one can show that with limited energy cost ∆E, the
maximum created relative entropy of coherence is bounded
from above by
Cmaxr (∆E) ≤ S (ρT
′
) − S (ρT ), (436)
where ρT
′
is the thermal state at the higher temperature T ′
such that
∆E = tr(ρT
′
Hˆ) − tr(ρT Tˆ ). (437)
To obtain the maximal coherence with limited energy ∆E,
i.e., to saturate the upper bound of Eq. (436), one should
find an optimal U such that the diagonal part of ρ f equals to
ρT
′
. Misra et al. (2016) proved strictly that there always ex-
ists such an (real) unitary. The derivation of such an unitary
for single-qubit state is easy, but for higher dimensional case
it turns out to be very complicated.
For multipartite system, Misra et al. (2016) also compared
the amounts of quantum coherence and quantum total correla-
tions (measured by the quantummutual information) by using
the same unitary operations. For the noninteracting system
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described by the Hamiltonian Hˆ =
∑N
k=1 Hˆk (Hˆk is the Hamil-
tonian for subsystem k), and starting from the initial product
thermal states
∏
k ⊗ρTk of each subsystems, the maximum cre-
ated quantum mutual information with limited energy ∆E is
given by
Imax(∆E) =
∑
k
[S (ρT
′
k ) − S (ρTk )], (438)
where the optimal unitary transforms the initial state to a fi-
nal state ρ f whose all marginals are thermal states at a higher
temperature T ′, i.e., ρT
′
k
= e−Hˆk/T
′
/tre−Hˆk/T
′
.
As ρ
f
diag
and the products of the marginals
∏
k ⊗ρT ′k have the
same average energy, the maximum entropy principle implies
that S (ρ
f
diag
) ≤ S (∏k ⊗ρT ′k ). Hence, when the maximum cor-
relation is created among the multipartite system, the corre-
sponding coherence is upper bounded by it. Contrary, if max-
imum coherence is created in the multipartite system, then the
diagonal part of the output ρ f will be a thermal state at temper-
ature T ′, and it has the same average energy with the products
of the marginals
∏
k ⊗ρ fk (with ρ
f
k
= trl,kρ
f ) due to the prod-
uct structure of Hˆ, the maximum entropy principle implies
S (ρ
f
diag
) ≥ ∑k S (ρ fk ). Hence, in this case the created correla-
tion turns to be bounded from above by the maximum created
coherence. As for the problem of whether the maximumquan-
tum coherence and correlation can be created simultaneously,
the study of the two-qubit case shows that the answer to this
may be negative (Misra et al., 2016).
C. Resource creating and breaking power
When a quantum channel has the ability to create or en-
hance quantum resources, it is of interest to quantify this abil-
ity. This quantification can be regarded an intrinsic property
of the channel. As a dual problem, the power of a channel to
decrease or destroy the quantum resources, also attracts some
research interest.
1. Quantum correlating power
The quantum correlating power (QCP) is defined as the
maximum amount of quantum correlations that can be created
when the channel acts locally on one party of a multipartite
system (Hu et al., 2013a), i.e.,
Q(Λ) ≔ max
ρ∈CQ
Q(Λ ⊗ 1 (ρ)), (439)
where Q is a bona fide measure of quantum correlation, and
CQ denotes the set of classical-quantum states.
The QCP is an intrinsic attribute of a channel, which quanti-
fies the channels’s ability to create quantum correlations. In its
definition, the maximization is taken over the set of quantum-
classical states. The input states that correspond to the maxi-
mization are called the optimal input states, which are proved
to be in the set of classical-classical (CC) states
CC =
ρ|ρ =
∑
i
pi|ψi〉A〈ψi| ⊗ |φi〉B〈φi|
 . (440)
where {|ψi〉A} and {|φi〉B} are orthogonal basis of HA and HB,
respectively. The proof can be easily sketched. For any output
state ρ′ that corresponds to a general QC input state, one can
find a CC state whose corresponding output state ρ can be
transformed to ρ′ by a local channel on B, i.e., ρ′ = 1 ⊗λB(ρ).
From the contractivity of the measure Q under CPTP map,
we have Q(ρ) ≥ Q(ρ′). Hence the definition of QCP can be
optimized to
Q(Λ) ≔ max
ρ∈CC
Q(Λ ⊗ 1 (ρ)). (441)
A channel with larger amount of QCP is more quantum, in
the sense of the ability to create quantum correlations. Hence
it is of interest to find out the channels with the most QCP. It
can be proved that, the local single-qubit channel which max-
imum QCP can be found in the set of the following channels
MP =
Λ|Λ(·) =
1∑
i=0
|φi〉〈αi|(·)|αi〉〈φi|
 , (442)
where |φ0〉 and |φ1〉 are two nonorthogonal pure states.
Hu et al. (2013b) also studied the superadditivity of QCP.
Its says that two zero-QCP channels can constitute a positive-
QCP channel. The phase damping channelΛpd was used as an
example to show how this property works. The corresponding
Kraus operators are given in Eq. (411). Λpd is unital and
thus Q(Λpd) = 0. For a four-qubit initial state shared between
Alice (AA′) and Bob (BB′)
ρAA′BB′ =
1
4
∑
i, j
|i j〉AA′〈i j| ⊗ |ψi j〉BB′〈ψi j|, (443)
where
|ψ00〉 = 1√
2
(|00〉 + |11〉), |ψ11〉 = 1√
2
(|0+〉 + |1−〉),
|ψ01〉 = 1√
2
(|01〉 − |10〉), |ψ10〉 = 1√
2
(|0−〉 − |1+〉).
(444)
Since |ψi j〉 are orthogonal to each other, the quantum correla-
tion on Bob is zero. After the action of ΛB
pd
⊗ΛB′
pd
on B and B′,
the output state becomes ρ′
AA′BB′ = 1 AA′ ⊗ΛBpd ⊗ΛB
′
pd
(ρAA′BB′).
Because [Λpd ⊗Λpd(ψ00),Λpd ⊗Λpd(ψ11)] = 18 i˜p
√
1 − p(σy ⊗
σz + σz ⊗ σy) , 0, the output state ρ′AA′BB′ is not a QC state.
Therefore, the quantum correlation on Bob’s qubits BB′ is cre-
ated by the channel ΛB
pd
⊗ ΛB′
pd
.
2. Cohering and decohering power
For a system traversing a quantum channel E, the amount
of coherence contained in it may be increased or decreased.
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Building upon this fact and in the same spirit as defining en-
tangling power and discording power [see Galve et al. (2013)
and references therein], one can also consider the ability of E
on producing or destroying coherence, and introduce the con-
cepts of cohering and decohering power of E.
Mani and Karimipour (2015) defined the cohering power of
E as the maximum coherence (measured in some way) that
it can produce from the full set I of incoherent states, and
the decohering power as the maximum amount of coherence
lost after all the maximal-coherence-value states ρmcs ∈ M
(Peng et al., 2016) passing through this channel. To be pre-
cise,
CP(E) = max
δ∈I
C(E[δ]),
DP(E) = C(ρmcs) − min
ρmcv∈M
C(E[ρmcs]), (445)
and the optimization can in fact be restricted to pure states, in
particular, for CP(E) the maximization can be taken with only
the basis states {|k〉}.
Focusing on single-qubit states and coherence measured by
the l1 norm and skew information, they calculated CP(E) and
DP(E) for the depolarizing and bit flip (similarly for bit-phase
and phase flip) channels, and showed that the unitary channel
has equal cohering and decohering power in any basis, i.e.,
CP(U) = DP(U). Moreover, for N qubits subjecting to N
independent unitary channels, the cohering power
CP(⊗Ni=1Ui) =
N∏
i=1
[CP(Ui) + 1] − 1, (446)
while the decohering power is bounded from below by
DP(⊗Ni=1Ui) ≥ 2N −
N∏
i=1
[2 − DP(Ui)], (447)
and apart from the very special case of DP(Ui) = 0, ∀Ui,
DP(⊗N
i=1
Ui) approaches 2
N−1 when N → ∞, hence the coher-
ence in this state will be completely deteriorated for infinitely
large N.
Bu et al. (2017a) obtained the analytical solutions of the co-
hering power. First, when the coherence is measured by the l1
norm, they showed that
CPl1 (U) = ‖U‖21→1 − 1, (448)
where ‖U‖1→1 = max1≤ j≤d{∑di=1 |Ui j|} is the matrix norm,
and for N-qubit system, the Hadamard gate H⊗N [with H =
(σx+σz)/
√
2] was showed to have maximum cohering power.
When we adopt the relative entropy of coherence, it is given
by
CPr(U) = max
1≤ j≤d
H(|U1 j|2, . . . , |Ud j|2), (449)
where H(p1, . . . , pd) denotes the Shannon entropy.
For general quantum channel E, although there is no ana-
lytical solutions for the cohering power, they were showed to
satisfy the additivity relation
CPl1(E1 ⊗ E2) + 1 = (CPl1(E1) + 1)(CPl1(E2) + 1),
CPr(⊗Ni=1Ei) =
N∑
i=1
CPr(Ei).
(450)
Moreover, one may consider a slightly different definition
of cohering power
CP(ρ)(E) = max
ρ∈DH
{C(E[ρ]) −C(ρ)}, (451)
which characterizes the maximum enhancement of quantum
coherence after the action of the channel E, it was found that
for the 2-dimensional system, the two different cohering pow-
ers measured by the l1 norm are always the same for any uni-
tary channel, but when d ≥ 3 or when the coherence is mea-
sured by the relative entropy, they can be different.
On the other hand, we know that the action of E on ρ can
be implemented by an IO Λ on the product state of ρ and an
ancillary state σ, i.e., Λ(ρ ⊗ σ) = E(ρ) ⊗ σ′ [see, e.g., the
work of Baumgratz et al. (2014)]. Start from this point of
view, Bu et al. (2017a) further gave an interpretation of the
cohering power. To be explicit, they showed that the minimal
amount of coherence of σ is just the cohering power of E, i.e.,
C(σ) ≥ CP(E).
Situ and Hu (2016) also explored the cohering and decoher-
ing powers of various typical channels, with however the co-
herence beingmeasured by the relative entropy. These include
the amplitude damping, phase damping, depolarizing, as well
as the bit flip, bit-phase flip and phase flip channels. They also
found that the cohering power can be enhanced by applying
weak measurement and reversal operation to the qubit.
For the HS norm measure of quantum coherence,
Zanardi et al. (2017) discussed the cohering power of the uni-
tary and unital channels. As the HS norm is not an mono-
tonic quantity under general CP maps, they restricted in their
work only to those of the unital incoherent CP maps, under
the action of which the HS norm of coherence is monotoni-
cally decreasing. By denoting ∆(ρ) the full dephasing of ρ in
a given basis [see Eq. (142)] and ∆˜ = 1 − ∆ the the comple-
mentary projection of ∆, they defined the cohering power of
the quantum channel as the average coherence generated from
an uniformly distributed incoherent states, i.e.,
Cav(E) = 〈Cl2 (Eoff[ψ])〉ψ, (452)
where Eoff = ∆˜E∆, and the average is taken over the ensemble
of pure states ψ = |ψ〉〈ψ| sampled randomly from the uniform
Haar measure. That is to say, the uniform ensemble of inco-
herent states are generated by dephasing {ψ}.
When the channel is unitary, they found that the cohering
power can be obtained analytically. For a d-dimensional sys-
tem, it is given by
Cav(U) =
1
d + 1
1 − 1d
∑
i, j
|〈i|U | j〉|4
 , (453)
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where the upper boundCmaxav (U) = (d−1)/d(d+1) is achieved
when the basis {|i〉} and {U |i〉} are mutually unbiased, and the
lower bound Cav(U) = 0 is achieved when U is an incoherent
operation, i.e., [U,∆] = 0.
Similarly, when the channel E is unital, i.e., E(1 /d) = 1 /d,
with {Ak} being the corresponding Kraus operators, the coher-
ing power is given by
Cav(E) = 1
d(d + 1)
∑
i,l,m
∣∣∣∣∑
k
(Ak)li(Ak)
∗
mi
∣∣∣∣2, (454)
but now Cav(E) = 0 does not always implies [E,∆] = 0, that
is to say, the cohering power Cav(E) for unital channel is not
faithful.
In fact, as the unitary operation U is a subset of the unital
operation, Cav(E) also covers the result of Cav(U). Moreover,
the above equation is equivalent to
Cav(E) = 1
d + 1
{tr[S ω˜(E)] − tr[Sω(E)]}, (455)
where ω˜(E) = E⊗2(ρmm), ω(E) = (∆E)⊗2[ρmm], ρmm = 1 /d,
and S =
∑
i j |i j〉〈 ji| is the swap operator.
Styliaris et al. (2018) also examined power of the dephas-
ing channel ∆B′ described by the projector B
′ = {|i′〉〈i′|} (i.e.,
∆B′[ρ] =
∑
i′〈i′|ρ|i′〉|i′〉〈i′|) on generating quantum coherence
defined with respect to the basis B = {|i〉〈i|}. To be explicitly,
they defined the cohering power as
CB(∆B′) =
∫
dµunif(δ)C
B (∆B′[δ]) , (456)
where dµunif(δ) denotes the uniform measure in the (d − 1)-
dimensional simplex. CB(∆B′) is in fact the average coherence
generated from uniformly distributed incoherent states δ ∈ I.
When using the relative entropy of coherence as a quantifier,
they proved that
CBr (∆B′) = Q˜(XUX
T
U) − Q˜(XU), (457)
andCBr (∆B′) = 0 if and only if the dephasing operators∆B′ and
∆B commute. Here, XU is bistochastic with elements (XU)i j =
|〈i|U | j〉|2, U is the unitary operator ensures |i′〉 = U |i〉, ∀i, and
Q˜(X) =
∑
j Q(p j)/d, with Q(p j) being the subentropy of the
column vector p j with elements (p j)i = (XU)i j.
When one uses the HS norm of coherence, the power turns
out to be (Styliaris et al., 2018)
CBl2 (∆B′) =
1
d(d + 1)
tr[XUX
T
U(1 − XUXTU)], (458)
and it is bounded from above by (d − 1)/4d(d + 1), which is
just one-quarter of the maximum Cmaxav (U).
3. Coherence-breaking channels
Bu et al. (2016a) investigated coherence breaking channels
(CBC) which were defined as those of the incoherent chan-
nels who destroy completely the coherence of any input state.
They also discussed the selective CBC for which the Kraus
operators {Kn} give KnρK†n ∈ I, and found that they are equiv-
alent to CBC, i.e., the two setsScbc = Sscbc. The CBC are sub-
sets of the entanglement-breaking channels (Horodecki et al.,
2003b) and quantum-classical channels.
When a channel Φ ∈ Scbc, then Φ(|i〉〈 j|) is diagonal for any
two incoherent basis states |i〉 and | j〉, and the action of Φ on
ρ can be written as
Φ(ρ) =
∑
i
|i〉〈i|tr(ρFi), (459)
with {Fi} being the set of positive semidefinite operators sat-
isfying
∑
i Fi = 1 . For the special case of single-qubit state
ρ = (1 + ~r · ~σ)/2, the channel
Φ(ρ) =
1
2
[1 + (M~r + ~n) · ~σ], (460)
belongs to CBC if the nonzero elements of M and ~n lie only
in the third row of them.
Bu et al. (2016a) further introduced a notion which they
termed as coherence-breaking index. It concerns the iterative
actions of an incoherent quantum channel Φ on a given state,
and can be defined explicitly as
n(Φ) = min{n > 1: Φn ∈ Scbc}, (461)
that is, n(Φ) characterizes the minimum number of iterations
of Φ such that Φn(ρ) ∈ I for any ρ. Clearly, if Φ is already a
CBC, then n(Φ) = 1, while for the case of n(Φ) = ∞, Φn is
not a CBC.
For the single-qubit case, they also investigated the sudden
death phenomenon for the l1 norm of coherence by using the
result of Hu and Fan (2016a). Explicitly, the occur of coher-
ence sudden death is only determined by forms of the inco-
herent channel and is independent of the initial state. But this
does not apply to high dimensional states.
D. Evolution equation of quantum correlation and
coherence
Refereing to various measures of quantumness in open sys-
tem, the search of certain dynamical law governing their evo-
lution is of practical significance, as this can simplify the as-
sessment of their robustness against decoherence. For entan-
glement measured by concurrence, its evolution was found to
obey a factorization law for the initial two-qubit states and ar-
bitrary quantum channels (Farı´as et al., 2009; Konrad et al.,
2008), we review here the similar problems for geometric
quantum correlations and quantum coherence.
1. Evolution equation of geometric quantum correlation
Similar to the evolution equation of entanglementmeasured
by concurrence (Konrad et al., 2008), Hu and Fan (2015b)
found that when a bipartite system traverses the local quantum
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FIG. 6 The action of E on a state. In the Schro¨dinger picture (a), the
state ρ evolves in time while the observables Xi are time-independent.
But when we turn to the Heisenberg picture (b), the case is opposite,
with which we obtain the condition for ρ obeying the evolution equa-
tion for quantum coherence.
channel, the evolution of GQD may demonstrate a factoriza-
tion decay behavior.
For a bipartite state ρ decomposed as
ρ = − 1
dAdB
1 AB + ρA ⊗ 1
dB
1 B +
1
dA
1 A ⊗ ρB + ρco, (462)
where the reduced states ρA = trBρ, ρB = trAρ, and the trace-
less ‘correlation operator’ ρco are give by
ρA =
1
dA
1 A + ~x · ~X, ρB = 1
dB
1 B + ~y · ~Y ,
ρco =
d2
A
−1∑
i=1
d2
B
−1∑
j=1
ti jXi ⊗ Y j,
(463)
they proved that when the channel E gives E(̺) = q(t)̺, with
̺ = ~x · ~X ⊗ 1 B/dB + ρco, the evolution of Dp(E[ρ]) fulfills the
factorization decay behavior
Dp(E[ρ]) = |q(t)|pDp(ρ), (464)
which is solely determined by the product of the initial Dp(ρ)
and a channel-dependent factor |q(t)|, and
Dp(ρ) = opt
ΠA∈M
‖ ρ − ΠA(ρ) ‖pp, (465)
with opt representing the optimization over some classM of
the local measurements ΠA = {ΠA
k
} acting on party A.
By turning to the Heisenberg picture to describe the action
of E (with the Kraus operators {E j}), i.e., E†(Xi) = ∑ j E†jXiE j
(see Fig. 6), they identified the family of states for which the
factorization relation holds. Explicitly, if E†
1
(Xi) = qAXi for
all {Xi}, and E†2(Y j) = qBY j for all {Y j}, then Eq. (464) holds
for the families of ρ with
(1) arbitrary ρA, ρB, ρco (for E1 ⊗ 1 B),
(2) ρA =
1
dA
1 A, or ρco = 0 (for E1 ⊗ E2 with E2 , 1 B),
(466)
while E†
1
(Xk) = qAXk only for {Xk} with k = {k1, . . . , kα} (α <
d2
A
− 1), and E†
2
(Yl) = qBYl only for {Yl} with l = {l1, . . . , lβ}
(β < d2
B
− 1), Eq. (464) holds for the families of ρ with
(1) ρA = ρ
(1)
A
, ρco = ρ
(1)
co (for E1 ⊗ 1 B),
(2) ρA =
1
dA
1 A, ρco = ρ
(2)
co , or ρco = 0 (for 1 A ⊗ E2),
(3) ρA =
1
dA
1 A, ρco = ρ
(3)
co , or ρA = ρ
(1)
A
, ρco = 0
(for E1 ⊗ E2),
(467)
where
ρ
(1)
A
=
1
dA
1 A +
kα∑
k=k1
xkXk, ρ
(1)
co =
kα∑
k=k1
d2
B
−1∑
j=1
tk jXk ⊗ Y j,
ρ(2)co =
d2
A
−1∑
i=1
lβ∑
l=l1
tilXi ⊗ Yl, ρ(3)co =
kα∑
k=k1
lβ∑
l=l1
tklXk ⊗ Yl.
(468)
Besides the above statements, they also discussed the case
of symmetric GQD, the families of states for which Eq. (464)
holds are similar to those of Eqs. (467) and (468), and we do
not list them here again.
2. Evolution equation of quantum coherence
For quantum coherence measured by l1 norm, Hu and Fan
(2016a) explored its evolution for a d-dimensional system
traversing the quantum channel E. As for any master equation
which is local in time, whetherMarkovian, non-Markovian, of
Lindblad form or not, one can always construct a linear map
which gives ρ(t) = E(ρ(0)) (the opposite case may not always
be true), and the linear map can be expressed in the Kraus-
type representations (Andersson et al., 2007). If the map E is
CPTP, then one can explicitly construct the Kraus operators
{Eµ} such that E(ρ) = ∑µ EµρE†µ.
For ρ of Eq. (154), one can turn to the Heisenberg picture
to describe E via the map
E†(Xi) =
∑
µ
E†µXiEµ, (469)
which gives x′
i
= tr(ρE†[Xi]). As any Hermitian operator O
on Cd×d can always be decomposed as O = ∑d2−1i=0 riXi (ri ∈
R), E†(Xi) can be further characterized by the transformation
matrix T defined in Eq. (420), namely, E†(Xi) = ∑d2−1j=0 Ti jX j,
where Ti j = tr(E†[Xi]X j)/2, and X0 =
√
2/d1 d. Clearly, T00 =
1, and T0 j = 0 for j ≥ 1. This further gives
x′i =
d2−1∑
j=0
Ti jx j. (470)
By classifying state ρ of Eq. (154) into different families:
ρ = {ρnˆ}, with ρnˆ = 1 d/d+χnˆ · ~X/2 (nˆ is a unit vector in Rd2−1,
and χ is smaller than
√
2(d − 1)/d as tr(ρnˆ)2 = |χ|2/2 + 1/d),
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one can found that if Tk0 = 0 for k ∈ {1, 2, . . . , d2 − d}, then
the evolution of Cl1(E[ρnˆ]) obeys the factorization relation
Cl1 (E[ρnˆ]) = Cl1 (ρnˆ)Cl1(E[ρnˆp]), (471)
with
ρnˆp =
1
d
1 +
1
2
χpnˆ · ~X, (472)
being the probe state, and χp = 1/
∑d0
r=1
(n22r−1 + n
2
2r)
1/2.
As a corollary of the above equation, one can also show that
if the operator A =
∑
µ EµE
†
µ is diagonal, then the evolution of
Cl1 (E[ρnˆ]) is governed by Eq. (471). Moreover, if more re-
strictions are imposed on the quantum channel, e.g., if a chan-
nel E yields E†(Xk) = q(t)Xk for {Xk}k=k1,...,kβ (β ≤ d2−d), with
q(t) containing information on E’s structure, then
Cl1(E[ρ]) = |q(t)|Cl1(ρ), (473)
holds for all the
ρ =
1
d
1 d +
1
2
kβ∑
k=k1
xkXk +
1
2
d2−1∑
l=d2−d+1
xlXl. (474)
The channel E satisfying the requirements includes the Pauli
channel (covers bit flip, phase flip, bit-phase flip, phase damp-
ing, and depolarizing channels) and Gell-Mann channel given
by Hu and Fan (2016a), and the generalized amplitude damp-
ing channel. They also constructed a quantum channel EG for
which Cl1(EG[ρ]) obeys Eq. (473) for arbitrary initial state.
E. Preservation of GQD and quantum coherence
Along with the similar line for exploring quantum entan-
glement and entropic discord dynamics in open quantum sys-
tems, some works have also been devoted to the study of
dynamical behaviors of various GQDs and coherence mono-
tones. Apart from those focused on identifying freezing con-
ditions discussed above, the others are aimed at seeking flexi-
ble methods to control their evolution. We summarize the key
results in this section, mainly for the qubit states and typical
noisy sources in quantum information processing.
Hu and Fan (2012b) discussed robustness of the HS norm
of discord for two qubits coupled to a multimode vacuum
electromagnetic field, and found that the robustness can be en-
hanced if appropriate local unitary operations were performed
on the initial state of the system. Hu and Tian (2014) dis-
cussed trace norm of discord and Bures norm of discord for
a two-qubit system subject to independent and common zero-
temperature bosonic structured reservoirs. The results showed
that the two GQDs can be preserved well or even be improved
and generated by the noisy process of the common reservoir.
If one can detuning the transition frequency of the qubits to
large enough values, the long-time preservation of these two
GQDs in independent reservoirs can also be achieved. More-
over, it was found that the decay rates of GQD can be retarded
apparently by properly choosing the Heisenberg type interac-
tion of two qubits when they are embedded in two independent
Bosonic structured reservoirs (Li et al., 2017).
If the noisy channel (or reservoir) coupled to the central
system is non-Markovian, the backflow of information from
the reservoir to the system can induce damped oscillation be-
haviors of the GQD. For two qubits subject to bosonic struc-
tured reservoirs with Lorentzian and Ohmic-like spectra, the
relation between behaviors of GQDs and the extent of non-
Markovianity of the reservoir have been studied (Hu and Lian,
2015). By analyzing their dependence on a factor whose
derivative signifies the (non-)Markovianity of the dynamics,
it was demonstrated that the non-Markovianity induced by the
backflow of information from the reservoirs to the system en-
hances the GQDs in most of the parameter regions.
For a single qubit subjecting to pure dephasing channel with
the Ohmic-like spectral densities, Zhang et al. (2015) com-
pared the coherence evolution behaviors (measured by the l1
norm and relative entropy) with different system and bath pa-
rameters. They found that the initial system-bath correlations
are preferable for realizing long-lived coherence in the super-
Ohmic baths, and the region of coherence trapping is enlarged
with increasing the correlation parameter. For the given initial
state with equal amplitudes, they obtained numerically the op-
timal Ohmicity parameter µ  1.46 for the most efficient co-
herence trapping, which is independent of the coupling con-
stant and the correlation parameter.
The atomic system is also an important candidate for vari-
ous quantum information processing tasks. For the static po-
larizable two-level atoms interacting with a fluctuating vac-
uum electromagnetic field, Liu et al. (2016c) explored the co-
herence dynamics measured by the l1 norm and relative en-
tropy, both for an initial product state of the atoms and the
field. The results show that for the initial one-qubit pure states
and two-qubit Bell-diagonal states, the coherence cannot be
protected for non-boundary electromagnetic field. Contrar-
ily, when there is a reflecting boundary, the coherence will be
trapped if the atom is close to the boundary and transversely
polarized. The coherence can also be protected to some extent
for other specific polarization directions. All these show that
the coherence behavior is position and polarization dependent.
VII. QUANTUM COHERENCE AND GQD IN MANY-BODY
SYSTEMS
Quantum coherence can be regarded as a fundamental prop-
erty in quantum realm. The many-body systems of condensed
matter physics possess various quantum characteristics which
may have no classical analogue. In this sense, the exploring
of quantum coherence in many-body systems may lead some
intriguing connections and may also result in developments in
both research areas. We next start from a interesting concept
in condensed matter physics.
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A. Off-diagonal long-range order and l1 norm of coherence
In theory of superconductivity, one of the well-known prop-
erties is the off-diagonal long-range order (ODLRO). Appar-
ently, this property is related with l1 norm quantum coherence
measure, which uses the summation of the off-diagonal ele-
ments norm of a (reduced) density matrix quantifying coher-
ence.
Let us consider a η-pairing state as an example. We start
from the Hamiltonian of the Hubbard model,
H = −
∑
σ,〈i, j〉
(
c
†
j,σck,σ + c
†
k,σ
c j,σ
)
+ U
L∑
j=1
(
n j↑ − 1
2
) (
n j↓ − 1
2
)
,
(475)
where σ =↑, ↓, and 〈 j, k〉 is considered as a pair of the nearest-
neighboring sites, c†
jσ and c jσ are the creation and annihilation
operators of fermions. The η-pairing operators at lattice site j
are defined as
η j = c j↑c j↓, η
†
j
= c
†
j↓c
†
j↑, η
z
j
= −1
2
n j +
1
2
, (476)
and they constitutes a SU(2) algebra. The η operators are de-
fined as η =
∑
η j and η
† =
∑
η†
j
. The η-pairing state is defined
as (Essler et al., 1992; Fan and Lloyd, 2005; Yang, 1989)
|Ψ〉 = (η†)N |vac〉 (477)
where |vac〉 is the vacuum state, and |Ψ〉 is an eigenstate of the
Hubbardmodel. We can find that the η-pairing state is actually
the completely symmetric state with N sites filled while the
other L − N sites unfilled up to a normalization factor. The
ODLRO of this η-pairing state is shown as
Codlro =
〈Ψ|η†
k
ηl|Ψ〉
〈Ψ|Ψ〉 =
N(L − N)
L(L − 1) , k , l. (478)
The off-diagonal element Codlro is a constant which does not
depend on the distance |k − l|, in particular when |k − l| → ∞.
We may find that the density matrix ρ = |Ψ〉〈Ψ| of the η-
pairing state is a L-qubit state, the quantityCodlro corresponds
to one off-diagonal element of ρ. The l1 norm of η-pairing
state can be calculated as
Cl1 (ρ) = L(L − 1)Codlro. (479)
In this sense, the ODLRO is directly related with l1 norm of
coherence. As we mentioned that the coherence measure de-
pends on a specified basis, here the definition of ODLRO nat-
urally provides the basis by which the quantum coherence can
be quantified.
By using this example, we try to show that further perspec-
tive study can be expected concerning about the quantum co-
herence in many-body systems.
FIG. 7 Schematic picture of the VBS state for the AKLTmodel. The
VBS state is constructed by a series of projections, represented as
dashed circles, each acts on a pair of ends, represented as filled dots,
of two singlet states. It can be shown that entropy of a subsystem of
the VBS state, represented as large dashed circle, only depends on
the size of the subsystems itself, so the VBS state can be chosen to
contain the studied subsystem directly connected with two ends, as
shown in lower part of the picture.
B. Quantum coherence of valence-bond-solid state
Haldane conjectured that antiferromagnetic spin chains will
be gapless for half-odd-integer spins and gapped for integer
spins (Haldane, 1983a,b). The Affleck-Kennedy-Lieb-Tasaki
(AKLT) model (Affleck et al., 1987, 1988) is a spin-1 chain in
bulk and spin-1/2 at the two ends, which agrees with the Hal-
dane conjecture. The ground state of AKLT model is known
as the valence-bond-solid (VBS) state. The Hamiltonian of
the AKLT model is written as
H =
N−1∑
j=1
(
~S j · ~S j+1 + 1
3
(~S j · ~S j+1)2
)
+ π0,1 + πN,N+1, (480)
where ~S is the spin-1 operator in bulk, π describes the inter-
action of spin-1 in bulk and spin-1/2 at one end.
The ground state, VBS state, is written as
|G〉 = (⊗Nj=1P j j¯)|Ψ−〉0¯1|Ψ−〉1¯2 · · · |Ψ−〉N¯N+1, (481)
where |Ψ−〉 = (| ↑↓〉 − | ↓↑〉)/
√
2 is a singlet state which cor-
responds to the operator form, (a†
i¯
b
†
i
− b†
i¯
a
†
i
)|vac〉, where a†
and b† are bosonic creation operators. The projector Pmaps a
two-qubit state, which is a four-dimensional Hilbert space, on
a symmetric subspace which is three-dimension for spin-1 op-
erator ~S . So the VBS state is constructed by a chain of singlet
states under the projection of P at the bulk sites and leaves the
spin-1/2 at two ends (see Fig. 7).
By using the teleportation technique sequentially
(Fan et al., 2004), the VBS state takes a form like the
following
|G〉 = 1
3N/2
3∑
α j=1
|α1〉 · · · |αN〉
× [1 ⊗ (σαN · · ·σα1 )] |Ψ−〉0¯,N+1, (482)
where 1 is the identity operator,σ1, σ2, σ3 are Pauli matrices.
It is proved that the reduced density matrix of continuously L
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bulk spins is invariant which does not depend on its position
in the spin chain, it can be written as
ρL =
1
3
∑
α,α′
fαα′ |α1〉〈α′1| · · · |αL〉〈α′L |, (483)
where parameters fαα′ can be determined as
fαα′ = tr(1 ⊗ Vα)|Φ−〉〈Ψ− |(I ⊗ V†α′ ), (484)
with Vα = σαL · · ·σα1 , and Vα′ = σα′L · · ·σα′1 .
Here we consider the measure of relative entropy of coher-
ence. Due to the form of fαα′ , one may find that the diago-
nal matrix ρ
diag
L
of ρL is a completely mixed state with tensor
product of L identities and a normalization factor, so we have
S (ρ
diag
L
) = L log2 3. (485)
This quantity corresponds to the volume quantity of the bulk
L spins. On the other hand, we know (Fan et al., 2004) that
the von Neumann entropy of ρL equals to the von Neumann
entropy of the state of two ends which is a Werner state
S (ρL) = S (ρ˜L),
ρ˜L =
1
4
(1 − pL)1 + pL|Ψ−〉〈Ψ−|,
(486)
where pL = (−1/3)L. We know that the entropy of L bulk
spins, S (ρL), reaches to a constant 2 exponentially fast in
terms of the number of bulk spins L.
With combination of those analysis, we can find that the
relative entropy of coherence of bulk L spins,
Cr(ρL) = S (ρ
diag
L
) − S (ρL). (487)
By substituting the results of Eqs. (485-486) into the defini-
tion, the coherence of the VBS state can be obtained straight-
forwardly. We would like to remark that this result is indepen-
dent of the basis chosen because of the complete mixed form
of ρ
diag
L
is invariant for different bases.
For gapped one-dimensional system, the above results can
be interpreted as,
Cr(ρL) = volume − constant. (488)
Let us point out that the “constant” term corresponds to the
area law (Eisert et al., 2010; Hamma et al., 2005).
Perspectively, it is worth exploring whether the relative en-
tropy of coherence can be generally written as the difference
between volume of the studied subsystem and the boundary
term of area law,
Cr = volume − area law (boundary). (489)
Further evidences of this expectation are necessary. Recently,
it is shown that the volume effect can be found for the XY
model, where the factor for the volume term is also impor-
tant which can be used to distinguish different quantum phases
(Wang et al., 2018b).
In the seminal work of Vidal et al. (2003), two different be-
haviors of entanglement entropy for one-dimensional gapped
and gapless models were proposed. For gapless models like
critical spin chains, the entanglement of the ground state
for a bulk of spins grows logarithmically in number of par-
ticles in the bulk. The prefactor of the logarithm term is
related with the central charge of the conformal field the-
ory. The same scaling behavior holds also for mean entan-
glement at criticality for a class of strongly random quan-
tum spin chains (Refael and Moore, 2004). For a gapped
model, the entanglement approaches a constant bound. Ad-
ditionally, the topological entanglement entropy and entan-
glement spectrum are studied based on the theory of en-
tanglement (Hamma et al., 2005; Kitaev and Preskill, 2006;
Levin and Wen, 2006; Li and Haldane, 2008). The entangle-
ment entropy for a pure state is defined as the von Neumann
entropy of the reduced density matrix of its subsystem. Re´nyi
entropies parametrized by a parameter α are the generaliza-
tions of the von Neumann entropy. So topological entangle-
ment entropy can also be generalized as topological entangle-
ment Re´nyi entropies (Flammia et al., 2009). However, it is
found that all topological Re´nyi entropies are the same, which
is due to the fact that Re´nyi entropies are additive and the stud-
ied density matrix takes a product form. In correspondence,
those results can be further explored from point of view of
quantum coherence. There are some works about the charac-
teristics of quantum phase transitions by quantum coherence,
as presented next.
C. Quantum coherence and correlations of localized and
thermalized states
Quantum dynamics of isolated quantum systems far
from equilibrium has recently been extensively studied
(Eisert et al., 2015). By principles of statistical mechanics, it
is known that the non-equilibrium state will evolve to a ther-
malized state which is ergodic (Deutsch, 1991; Rigol et al.,
2008; Srednicki, 1994), and no quantum correlation is ex-
pected to exist. For an isolated quantum system initially in a
pure state, the time evolution is unitary transformation which
keeps the system in a pure state. The thermalization means
that the reduced density matrix of a subsystem, which is rela-
tively small compared with the whole system, takes the form
of a thermal state, ρS = e−βH
S
/Z, where β is the inverse of
temperature, HS is the Hamiltonian of the studied subsystem
S, and Z = tre−βH
S
is the partition function.
On the other hand, it is pointed out that the disorder may
prevent the system from thermalizing, resulting in localized
state. In general, there are two different types of localiza-
tion, the single-particle localization in name of Anderson lo-
calization (Anderson, 1958) and the many-body localization
(Basko et al., 2006; Gornyi et al., 2005). The many-body lo-
calization is induced by competition between interactions and
disorder, in contrast, Anderson localization is only due to dis-
order but without interaction. Besides, thermalization cannot
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happen for integrable models because of the constraints im-
posed by infinite number of conserved quantities. There are
various signatures in characterizing the thermalized states and
localized states. Here we will review the properties of quan-
tum coherence and quantum correlations for those states.
1. Entanglement entropy
The mechanism of thermalization is based on the eigen-
state thermalization hypothesis, and the thermal state is er-
godic (Altman and Vosk, 2015; Nandkishore and Huse, 2015;
Rigol et al., 2008). Those facts lead to that the thermalized
state ρS takes a diagonal form, so state ρS possesses nei-
ther quantum coherence, nor quantum correlations. On the
other hand, the von Neumann entropy of the thermal state,
S (ρS ) = −tr(ρS log2 ρS ) satisfies the volume law, implying
that it is proportional to the number of the particles L of the
subsystem S. Considering that the isolated system is always
in pure state, the von Neumann entropy of the reduced den-
sity matrix is the entanglement entropy itself. Thus in thermal
phase, the entanglement entropy satisfies the volume law. If
the initial state of the system is a highly excited state such
as Ne´el state, the thermalized state approaches to the com-
pletely mixed state corresponding to infinite temperature, so
entanglement entropy approaches L, corresponding to particle
number of the subsystem for spin-1/2 particles. Note that L is
the upper bound of the entanglement entropy.
The quantum dynamics of localizations, both Anderson
localization and many-body localization, and thermalization
can be well characterized by behaviors of entanglement en-
tropy. Suppose the initial state is a product state like Ne´el
state, which is also a highly excited state, the initial en-
tropy will be zero for the subsystem S. For thermalization,
the entropy will increase quickly and approaches its upper
bound. For Anderson localization, similarly, the entropy will
quickly saturate its bound but the bound is much smaller than
that of the thermalized state. In contrast, many-body lo-
calization is a consequence of the competition between par-
ticle interactions and disorder. The localized state breaks
the ergodicity and eigenstate thermalization hypothesis. The
entanglement entropy does not obey the volume law. In-
stead, the entropy for the stationary state demonstrates a long
time slow increase characterized as logarithmic increasing in
time (Bardarson et al., 2012; Levi et al., 2016; Modak, 2015;
Nandkishore et al., 2015; Ponte et al., 2015; Zˇnidaricˇ et al.,
2008), or algebraic with power-law interactions (Pino, 2014).
Reminding that the coherence can be quantified as the diago-
nal entropy subtracting the von Neumann entropy, the coher-
ence of the subsystem will demonstrate decrease for many-
body localization.
Both Anderson localization and many-body localization
have been realized experimentally. In system of trapped
ions with long-range interactions, the growth of entangle-
ment is shown by measuring the quantum Fisher informa-
tion (Smith et al., 2016). Recently, the entanglement en-
tropy logarithmic increase in time of many-body localiza-
tion is successfully demonstrated in a 10-qubit superconduct-
ing quantum simulation based on single-shot state tomog-
raphy measurement (Xu et al., 2018). The many-body lo-
calization and thermalization can also be distinguished by
energy spectrum of the system. In thermal phase, the en-
ergy levels of the system tend to repel one another and their
statistics are Wigner-Dyson distribution, while for many-body
localized state, the energy levels show a Poisson statistics
(Atas et al., 2013; Bohigas et al., 1984; Oganesyan and Huse,
2007). These phenomena are also demonstrated experimen-
tally (Roushan et al., 2017).
2. Entanglement spectrum
The entanglement entropy of a ground state is just one
quantity based on entanglement spectrum (Li and Haldane,
2008) due to Schmidt decomposition for a pure state. The en-
tanglement spectrum possesses more information which may
be invisible for entanglement entropy. For a ground state |G〉,
the reduced density matrix for a bulk of L sites is written as
ρL, which can be rewritten as
ρL = e
−HE . (490)
The entanglement spectrum is the energy spectrum of the so-
defined entanglement Hamiltonian HE. It is shown that there
is one-to-one correspondence between low-energy edge states
of the system with open boundary condition and the low-lying
eigenstates of the entanglement Hamiltonian (Fidkowski,
2010; Qi et al., 2012).
The entanglement spectrum of the ground state for a topo-
logical Chern insulator with disorder exhibits level repulsion,
which is consistent with Wigner-Dyson distribution. This re-
sult in addition with energy spectrum and Chern number can
be used to describe transition of Chern insulator to Anderson-
insulator (Prodan et al., 2010). The many-body localization
and thermalization and the periodically driven systems, which
are known as Floquet systems, can be characterized by en-
tanglement spectrum (Geraedts et al., 2016). The level statis-
tics of the entanglement spectrum in the thermalizing phase
is governed by an appropriate random matrix ensemble. The
Floquet entanglement spectrum has similar results showing a
result beyond eigenstate thermalization hypothesis. In many-
body localized phase, the entanglement spectrum shows level
repulsion and obeys a semi-Poisson distribution. Also, the dy-
namical many-body localization is observed in an integrable
system with periodically driven (Keser et al., 2016). Perspec-
tively, the study of quantum benchmarks such as quantum co-
herence, entanglement may be performed for those systems
and phases like Floquet topological insulators induced by dis-
order (Titum et al., 2015).
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D. Quantum coherence and quantum phase transitions
Quantum phase transition (QPT) describes an abrupt
change for properties of the ground state of a many-body sys-
tem driven by its quantum fluctuations. It is a purely quantum
process and is caused by variation of the system parameters of
the Hamiltonian, such as the spin coupling and external mag-
netic field (Sachdev, 2000). With the development of quantum
entanglement theory, it is natural to study QPT of a many-
body system from the point of view of entanglement. Indeed,
it has been found that the singularity and extreme point of en-
tanglement or its derivative can be used for detecting QPTs.
An overview for the related progress can be found in the work
of Amico et al. (2008) and Zeng et al. (2018).
As quantum coherence measures defined within the frame-
work of Baumgratz et al. (2014) are also quantitative charac-
terizations of the quantum feature of a system, they are hoped
to play a role in studying quantum phase transitions (QPTs)
of the many-body systems. We review briefly in this section
some main progress for such studies.
Chen et al. (2016b) demonstrated role of the coherence sus-
ceptibility on studying QPTs at both absolute zero and finite
temperatures. Here, the coherence susceptibility is defined as
the first derivative of the relative entropy of coherence Cr(ρ),
that is,
χco =
∂Cr(ρ)
∂λ
, (491)
with λ being a characteristic parameter of the system Hamilto-
nian. For the transverse Ising model with the Hamiltonian HI ,
the spin-1/2 Heisenberg XX model with HˆXX , and the Kitaev
honeycomb model with HˆK , described by
HˆI = −
N∑
i=1
σz
i
σz
i+1
− λ
N∑
i=1
σx,
HˆXX = −1
2
N∑
i=1
(σxiσ
x
i+1 + σ
y
i
σ
y
i+1
) − λ
N∑
i=1
σxi ,
HˆK = −
∑
α={x,y,z}
Jα
∑
i, j∈α−links
σαi σ
α
j ,
(492)
where λ is the strength of the external magnetic field in units
of the interaction energy, they showed that apart from the fig-
ure of merit that this method requires no prior knowledge of
order parameter (the same as those based on entanglement and
discord), the coherence susceptibility pinpoints not only the
exact QPT points via its singularity with respect to λ, but also
the temperature frame of quantum criticality. In particular, the
latter has been considered to be a superiority of the coherence
susceptibility method.
Karpat et al. (2014) showed validity of the Skew-
information-based coherence measure I(ρ,K) (will be called
the K coherence for brevity) and its lower bound IL(ρ,K) on
studying QPTs (Girolami, 2014). They considered the spin-
1/2 Heisenberg XY model described by the Hamiltonian
Hˆ = − λ
2
∑
i
[(1 + γ)σxiσ
x
i+1 + (1 − γ)σyiσyi+1]
−
∑
i
σz
i
,
(493)
with 0 ≤ γ ≤ 1 being the anisotropy parameter, and λ strength
of the inverse magnetic field. They calculated the single-
spin coherence I(ρ, σβ), two-spin local coherence I(ρ, σβ⊗1 2)
(β = x, y, z), and their lower bounds. The numerical results
show that the divergence of the first derivatives of I(ρ, σx) and
I(ρ, σx,y,z ⊗ 1 2) (including their lower bounds) with respect to
γ pinpoint exactly the transition point γc = 1 [I(ρ, σ
y ⊗ 1 2)
fails for the special case γ = 0.5], while the derivatives
of I(ρ, σx,y,z ⊗ 1 2) also detect the factorization point λ f ∼
1.1547. Moreover, the performance of IL(ρ, σx) in detect-
ing QPTs at relatively high temperatures outperforms that of
I(ρ, σx) for the considered model. A review of these results
in addition with some quantum correlations are presented in
(Cakmak Brand, 2015).
Lei and Tong (2016) studied quantum coherence measured
by the WY skew information on diagnosing critical points
of the spin-1/2 transverse field XY model with the XZY−YZX
type of three-spin interactions. The Hamiltonian is given by
Hˆ = −
N∑
i=1
[
1 + γ
2
σxiσ
x
i+1 +
1 − γ
2
σ
y
i
σ
y
i+1
+ hσz
l
+
α
4
(σxi−1σ
z
i
σ
y
i+1
− σy
i−1σ
z
i
σxi+1)
]
.
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By examining the single-spinσx,y,z coherence [i.e., K = σx,
σy, or σz in Eq. (75)], the two-spin local σx,y,z coherence [i.e.,
K = σx ⊗ 1 2, σy ⊗ 1 2, or σz ⊗ 1 2], and their lower bounds
IL(ρ,K) (Girolami, 2014), Lei and Tong (2016) found that if
the three-spin interaction α = 0 and the external magnetic
field h < 1, the single-spin σx,y,z, two-spin local σz coher-
ence, and their lower bounds are extremal at the critical point
γc = 0 of anisotropy transition. But the two-spin local σ
x (σy)
coherence and its lower bound decrease (increase) with the in-
creasing γ. Their first derivative with respect to γ are minimal
(maximum) at the critical point γc = 0, and show scaling be-
haviors with respect to logN, i.e., dQ/dγ = a1 + a2 log2 N,
where Q = I(ρ,K) or IL(ρ,K), and a1 and a2 are the system-
dependent parameters.
When the three-spin interaction is introduced, there will be
a gapless phase in the range h ∈ [hc1, hc2] for γ < α. The sys-
tem undergoes two QPTs (second order transitions) with in-
creasing h, the first from gapped phase to gapless phase when
h increases from h < hc1 to h > hc1, and the second from the
gapless phase to gapped phase when h increases from h < hc2
to h > hc2. For this case, it was found that both the single-spin
and two-spin local σx,y,z coherence and their lower bounds are
affected by the existence of α only in the gapless phase, and
the two critical points hc1 and hc2 of the gapless phase can be
pinpointed by the extremal points of their first derivatives. But
61
different from that of α = 0, there are no size effect of the cor-
responding derivatives of coherence around the critical points,
that is, the derivatives for different N are almost the same.
Li and Lin (2016) also showed effectiveness of the two-spin
local σβ (β = x, y, z) coherence IL(ρ, σβ) in detecting QPTs
of different physical systems. For the XY model with trans-
verse magnetic fields and XZX+YZY type of three-spin in-
teractions [the Hamiltonian is similar as that of Eq. (494),
with only the terms in the second line being replaced by
α(σx
i−1σ
z
i
σx
i+1
+ σ
y
i−1σ
z
i
σ
y
i+1
)]. Contrary to the case of h = 0.5
studied in Lei and Tong (2016), when h = α = 0, it was found
that while the extremal of IL(ρ, σz ⊗ 1 2) can pinpoint the crit-
ical points of QPT at γc = 0, I
L(ρ, σx ⊗ 1 2) [IL(ρ, σy ⊗ 1 2)]
increases (decreases) with γ, and its first derivative with re-
spect to γ is maximal (minimal) at the first-order QPT point
γc = 0. For the second-order QPT at hc = 1, the derivative of
IL(ρ, σx⊗1 2) with respect to h at hc = 1 show a size-dependent
scaling behavior, which implies that it will be divergent in the
thermodynamic limit. Even at finite temperature, IL(ρ, σx⊗1 2)
and its first derivative can also detect the second order QPT at
α = 0.5 for γ = 0.5 and h = 0. Moreover, they also showed
that the two-spin local coherence can detect QPTs for the one-
dimensional half-filled Hubbard model with both on-site and
nearest-neighboring interactions and topological phase transi-
tion for the Su-Schrieffer-Heeger model.
The amount of WY skew information I(ρ,K) is determined
by the observable one chooses. Luo (2003) introduced a quan-
tity
Q(ρ) =
∑
i
I(ρ, Xi) (495)
where {Xi} is the set of observables which constitute an or-
thonormal basis, and proved it to be independent of the choice
of {Xi} (Luo, 2006). Based on this, Cheng et al. (2015) ex-
plored its role in detecting critical points of QPTs and the fac-
torization transition of the spin model. For the density matrix
ρAB of two neighboring spins, they calculated
F(ρAB) = QA(ρ
AB) − QA(ρA ⊗ ρB), (496)
with QA(ρ
AB) =
∑
i I(ρ
AB, Xi ⊗ 1 B), and likewise for QA(ρA ⊗
ρB). For the XY model with transverse magnetic fields, their
results show that the second-order QPT from the ferromag-
netic to the paramagnetic phase (Ising transition) can be de-
tected by the minimum of the first derivative of F(ρAB) with
respect to h. At the vicinity of the transition point hc = 1,
∂F(ρAB)/∂h shows a size-dependent scaling behavior, and is
logarithmic divergent in the thermodynamic limit. On the
other hand, the first-order transition from a ferromagnet with
magnetization in the x direction to one with magnetization in
the y direction (anisotropy transition) at γc = 0 can be detected
directly by the minimum of F(ρAB), but its first derivative with
respect to γ is continuous and size-independent. Moreover, it
was found that both ∂F(ρAB)/∂h and ∂F(ρAB)/∂γ are discon-
tinuous along the curve h2 + γ2 = 1. The emergence of the
discontinuity pinpoints the factorization transition for ground
states of the considered system, and has its roots in the ele-
ments of ρ1/2.
Compared with the spin-1/2 models, various high-spin sys-
tems show richer phase diagrams. Malvezzi et al. (2016) con-
sidered the spin-1 XXZ model and bilinear biquadratic model,
with the Hamiltonian
HˆXXZ =
∑
i
(S xi S
x
i+1 + S
y
i
S
y
i+1
+ ∆S z
i
S z
i+1
),
HˆBB =
∑
i
[cos θ(Si · Si+1) + sin θ(Si · Si+1)2]
(497)
where Si = (S
x
i
, S
y
i
, S z
i
) are spin-1 operators. For the spin-1
XXZ model, the relative entropy and l1 norm of coherence for
two neighboring spins, and the local two-spin S x and S y co-
herence cannot detect the Kosterlitz-Thouless QPT at ∆c2 ≈ 0,
while their inflection points detect the Ising type second-order
QPT at ∆c2 ≈ 1.185. Moreover, the extremum of single-spin
S x coherence pinpoints the SU(2) symmetry point ∆ = 1. For
the spin-1 bilinear biquadratic model, the single spin density
matrix is diagonal in S z basis for all values of the anisotropy
parameter, so all coherence measures are zero. On the other
hand, the transition point can be identified by mutual informa-
tion and discord, which coincidences to both the infinite order
Kosterlitz-Thouless transition and the SU(3) symmetry point
θ = 0.25π.
E. GQD and quantum phase transition
The singularity or extreme point of QD can be used for de-
tecting QPTs. Werlang et al. (2010) studied one such prob-
lem. They considered a general Heisenberg XXZ model with
the Hamiltonian
Hˆ = J
N∑
i=1
(σxiσ
x
i+1 + σ
y
i
σ
y
i+1
+ ∆σz
i
σz
i+1
), (498)
and by setting J = 1, they calculated QD of Eq. (5) as well as
its first and second order derivatives for thermal states of the
neighboring spins, and showed that it can efficiently detect the
QPT points ∆ = ±1 for this model even at finite temperature,
while the entanglement measured by entanglement of forma-
tion does not. This shows potential role of QD in investigating
QPT. In particular, it is very important for experimental char-
acterization of QPTs as in principle one is unable to reach a
zero temperature experiment.
Dillenschneider (2008) studied QD for ground states of the
transverse Ising and Heisenberg XXZ model, and found that
the amount of QD increases close to the QPT points. Indeed,
there are many other related works discussing role of the QD
defined in Eq. (5) in detecting QPTs, and we refer to the work
of Modi et al. (2012) for a detailed overview in this respect.
In what follows, we focus on role of GQDs on studying QPTs
in various many-body systems.
Paula et al. (2013b) examined ground state properties of the
Heisenberg XXZ model Eq. (498) by setting J = −1. By
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employing the trace norm of discord as a quantifier of corre-
lation, they found that DT (ρ) defined in Eq. (33) as well as
CT (ρ) and TT (ρ) defined in Eq. (41) detects successfully the
first-order phase transition at ∆ = 1. On the other hand, the
infinite-order QPT at ∆ = −1 can only be detected by the clas-
sical correlation CT (ρ), while DT (ρ) and TT (ρ) failed. This
seems to casting a doubt on the usefulness of GQD, but for
other many-body systems it may work effectively for detect-
ing phase transition points.
By using the quantum renormalization group method,
Song et al. (2014) studied HS norm of discord for ground
states of the Heisenberg XXZ model with Dzyaloshinskii-
Moriya (DM) interaction. The Hamiltonian reads
Hˆ =
J
4
N∑
i=1
[σxi σ
x
i+1 + σ
y
i
σ
y
i+1
+ ∆σz
i
σz
i+1
+ D(σxiσ
y
i+1
− σy
i
σxi+1)].
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Their calculation shows that the HS norm of discord can ef-
fectively characterize the QPT point∆c =
√
1 + D2 separating
the spin-fluid phase and the Ne´el phase.
Huang et al. (2017) also studied quantum correlations for
the ground state properties of several three different spin mod-
els, but they used the trace norm of discord. First, for the XXZ
model given in Eq. (499), they found that the trace norm of
discord detects successfully the QPT point ∆c. Second, for the
Ising model with DM interaction,
Hˆ =
J
4
N∑
i=1
[σz
i
σz
i+1
+ D(σxiσ
y
i+1
− σy
i
σxi+1)], (500)
it was showed that the trace norm of discord can also be used
to detect the critical point D = 1 which separates the antifer-
romagnet phase and chirality phase. Huang et al. (2017) also
considered the Heisenberg XXZ model with staggered DM in-
teraction, with the Hamiltonian being given by
Hˆ =
J
4
N∑
i=1
[(1 + ∆)σxiσ
x
i+1 − (1 − ∆)σyiσyi+1
+ D(σxiσ
y
i+1
+ σ
y
i
σxi+1)],
(501)
and their result showed that the trace norm of discord also de-
tects successfully the region |∆| ≤
√
1 + D2 in which the sys-
tem is in the Ne´el phase. Concerning entanglement properties
of this model, we refer to the work of Ma et al. (2011)
For the XX model with transverse magnetic field as showed
in Eq. (492), Cheng et al. (2016) found that the trace norm
of discord can also effectively characterize the second-order
QPT occurs at λc = 1 which separates the ferromagnetic and
paramagnetic phases. Cheng et al. (2017) studied QPT in an
Ising-XXZ diamond model. By analyzing scaling behavior of
the trace norm of discord for the thermal state, they found
that around the critical lines, its first-order derivative exhibits
a maximal at finite temperature and diverges when T → 0.
Moreover, Filho et al. (2009) studied the problem of many-
body localization (MBL) in a spin-1/2 Heisenberg model with
random on-site disorder of strength h. The Hamiltonian is
Hˆ =
1
2
N∑
i=1
[J(σxiσ
x
i+1 + σ
y
i
σ
y
i+1
+ σz
i
σz
i+1) + hiσ
z
i
], (502)
where hi are uniformly distributed random numbers in the in-
terval [−h, h]. They founded that the derivatives of the trace
norm of discord of Eq. (33) and the geometric classical and to-
tal correlations of Eq. (41) give the range hc/J ∈ [3, 4] for the
MBL critical point. This estimate is in accordance with the
result hc/J ∼ 3.8 given in the literature (Goold et al., 2015;
Luitz et al., 2015).
VIII. QUANTUM CORRELATIONS AND COHERENCE IN
RELATIVISTIC SETTINGS
Since the early 20th century, much efforts have been put for-
ward to bridge the gap between quantum mechanics and rela-
tivity theory, which are two fundamentals of modern physics.
The reconciliation between them gives birth for quantum field
theory (QFT), and several predictions have been made based
on this theory. A fundamental prediction in QFT is that the
particle content of a quantumfield is observer dependent, such
a phenomenon is named Unruh effect (Crispino et al., 2008;
Unruh, 1976). Again, the phenomenon of a quantum field is
in vacuum state as observed by a freely falling observer of an
eternal black hole, while it is a thermal state for a observer
who hovers outside the event horizon the black hole. Such a
phenomenon is named Hawking effect. The study of quan-
tum correlation in a relativistic framework is not only helpful
to understand some of the key questions in quantum infor-
mation theory, but also plays an important role in the black
hole entropy and black hole information paradox (Hawking,
1976; Terashima, 2000). Following the pioneering work of
Peres et al. (2002), many authors have studied quantum cor-
relations in relativistic setting from different aspects.
A. Quantum correlations for free field modes
For a free mode scalar field, the dynamics of the field obeys
the Klein-Gordon (KG) equation (Birrell and Davies, 1982)
1√−g
∂
∂xµ
(√−ggµν ∂φ
∂xν
)
= 0, (503)
where g is the determinant of the metric gµν (Wald, 1994).
Similarly, the motion equation of a Dirac field Ψ in a back-
ground reads
iγµ(x)
(
∂
∂xµ
− Γµ
)
Ψ = mΨ, (504)
where the background-dependent Dirac matrices γµ(x) relate
to the matrices in flat space through γµ(x) = e
µ
a(x)γ¯
a, and γ¯a
are the flat-space Dirac matrices. Here,
Γµ =
1
8
[γα, γβ]eναeβν;µ, (505)
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are the spin connection coefficients. Throughout this section
we set G = c = ~ = κB = 1.
The field (either scalar field or Dirac field) can be quantized
in terms of a complete set of modes uk(x, η), which is an or-
thonormal basis of solutions of the scalar field (or Dirac field).
That is,
Φ(Ψ) =
∫
d3k(akuk + a
†
k
u∗k), (506)
whereΦ denotes the scalar field andΨ denotes the Dirac field,
k is the wave vector labeling the modes and for massless fields
ω = |k|.
For a scalar field, the positive and negative frequency
modes satisfy the canonical commutation relations [ak, a
†
k′] =
δ3(k − k′), while for the Dirac fields the anti-commutation
relations {ak, a†k′} = δ3(k − k′) should be satisfied. The an-
nihilation operators ak define the vacuum state |0〉 through
ak|0〉 = 0, ∀ k. A different inequivalent choice of modes {u˜k}
might exist which satisfies the same equation of motion in dif-
ferent spacetime background. For example, the appropriate
coordinates to describe the accelerated observer’s motion is
the Rindler coordinates (η, ξ), which is given by the transfor-
mation
t = a−1eaξ sinh(aη), x = a−1eaξ cosh(aη). (507)
Solving the KG equation or Dirac equation in the Rindler
coordinates, we obtain some sets of positive frequency
modes propagating in the regions I and II of the Rindler
spacetime, respectively. For free scalar fields, the posi-
tive frequency modes can be used to expand the field as
(Fuentes-Schuller and Mann, 2005)
Φ =
∫
dω[aˆIωΦ
+
ω,I + bˆ
I†
ωΦ
−
ω,I + aˆ
II
ωΦ
+
ω,II + bˆ
II†
ω Φ
−
ω,II], (508)
where aˆIω and bˆ
I†
ω are the bosonic annihilation and anti-boson
creation operators in the Rindler region I, and aˆIIω and bˆ
II†
ω are
the bosonic annihilation and creation operators in the region
II.
The quantum field theory for Dirac fields is constructed by
expanding the field in terms of the positive and negative fre-
quency modes (Alsing et al., 2006)
Ψ =
∫
dk[cˆI
k
ΨI+
k
+ dˆ
I†
k
ΨI−
k
+ cˆII
k
ΨII+
k
+ dˆ
II†
k
ΨII−
k
], (509)
where cˆI
k
and dˆI†
k
are the fermionic annihilation and creation
operators acting on the state in region I, and cˆII
k
and dˆII†
k
are the
fermionic operators in the region II. The above positive and
negative frequency modes are defined in terms of the future-
directed timelike Killing vector in different regions, in Rindler
region I the Killing vector is ∂η and in the region II the Killing
vector is ∂−η.
After some calculations, the Minkowski vacuum is found
to be an entangled two-mode squeezed state for a free scalar
field
|0ω〉M = 1
cosh r2ω
∞∑
n=0
tanh rnω|nn〉ω, (510)
where cosh r = (1 − e−2πω/a)−1/2 and a is Rob’s acceleration.
For a free Dirac field, the Minkowski vacuum has the follow-
ing form
|0k〉M = cos r|0k〉I |0−k〉II + sin r|1k〉I |1−k〉II , (511)
where cos r = (e−2πω/a + 1)−1/2.
1. Quantum entanglement
Fuentes-Schuller and Mann (2005) studied quantum entan-
glement between two free bosonic modes as observed by two
relatively accelerated observers. They found that the quan-
tum entanglement is an observer-dependent quantity in non-
inertial frames. A maximally entangled initial state in an in-
ertial frame becomes less entangled under the influence of
the Unruh effect. In the infinite acceleration limit, the dis-
tillable entanglement for the final state of the scalar field
vanishes. Alsing et al. (2006) studied the entanglement be-
tween two free modes of a Dirac field in noninertial frames.
They found that entanglement between the Dirac modes is de-
stroyed by the Unruh effect. Differently, the entanglement of
the fermionic modes asymptotically reaches a nonzero mini-
mum value in the infinite acceleration limit.
Ling et al. (2007) studied entanglement of the electromag-
netic field in a noninertial reference frame. They employed
the photon helicity entangled state and found that the loga-
rithmic negativity of the final state remains the same as those
in the inertial reference frame, which is completely different
from that of the particle number entangled state. Pan and Jing
(2008a) investigated the entanglement between two modes of
free scalar and Dirac fields. They proved that the different be-
havior of the field modes is owing to the in equivalence of the
quantization of the free field modes in the Minkowski and the
Rindler coordinates. In the infinite-acceleration limit, the mu-
tual information equals to the half mutual information of the
initial state, which is independent of the initial state and the
type of field.
Adesso et al. (2007) studied the distribution of entangle-
ment between modes of a free scalar field from the perspec-
tive of observers in uniform acceleration. We consider a two-
mode squeezed state of the field from an inertial perspective,
and analytically study the degradation of entanglement due
to the Unruh effect, in the cases of either one or both ob-
servers undergoing uniform acceleration. The effect of Unruh
effect on a quantum radiation can be described by a two-mode
squeezing operator acting on the input state of the quantum
system. In the phase space the symplectic phase-space repre-
sentation, S B,B¯(r) for the two-mode squeezing transformation
is (Adesso et al., 2007)
S B,B¯(r) =
(
cosh r1 2 sinh rZ2
sinh rZ2 cosh r1 2
)
, (512)
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where 1 2 is a 2 × 2 identity matrix and Z2 = diag{1,−1}. Af-
ter the transformation, the final state of the entire three-mode
system is given by the covariancematrix (Adesso et al., 2007)
σ
ABB¯
(s, r) =
[
1 A ⊕ S B,B¯(r)
][
σ
(M)
AB
(s) ⊕ 1 B¯
][
1 A ⊕ S B,B¯(r)
]
=

σA EAB EAB¯
ET
AB
σB EBB¯
ET
AB¯
ET
BB¯
σB¯
 , (513)
where the diagonal elements are
σA = cosh(2s)1 2,
σB = [cosh(2s) cosh
2(r) + sinh2(r)]1 2,
σB¯ = [cosh
2(r) + cosh(2s) sinh2(r)]1 2,
(514)
and the non-diagonal elements have the following forms:
EAB = [cosh(r) sinh(2s)]Z2,
EBB¯ = [cosh2(s) sinh(2r)]Z2,
EAB¯ = [sinh(2s) sinh(r)]Z2.
(515)
It was found that for two observers undergoing the finite ac-
celeration, the entanglement vanishes between the lowest-
frequency modes. The loss of entanglement is precisely ex-
plained as a redistribution of the inertial entanglement into the
multipartite quantum correlations among accessible and inac-
cessible modes from a noninertial perspective. The classical
correlations are also lost from the perspective of two acceler-
ated observers but conserved if one of the observers remains
inertial.
Leon and Martinez (2009) investigated the effect of Unruh
effect on spin and occupation number entanglement of Dirac
fields in the noninertial frame. They analyzed spin Bell states
and occupation number entangled state in a relativistic setting,
obtained their entanglement dependence on the acceleration.
They showed that the acceleration produces a qubit×four-level
quantum system state for the spin case, while there is always
qubit×qubit for the spinless case despite their apparent simili-
tude. The entanglement degradation in the spin case is greater
than in the spinless case. They as well introduced a proce-
dure to consistently erase the spin information from the sys-
tem and preserving occupation numbers at the same time.
Mann and Villalba (2009) studied the speeding-up degrada-
tion of entanglement as a function of acceleration for the free
scalar field in an accelerated frame.
Moradi (2009) studied the distillability of entanglement of
bipartite mixed states of two modes of a free Dirac field in
accelerated frames. It was showed that there are some cer-
tain value of accelerations which will change the state from
a distillable one into separable one. Doukas and Hollenberg
(2009) studied the loss of spin entanglement for accelerated
electrons in electric and magnetic fields by using an open
quantum system. They found that the proper time for the
extinguishment of entanglement is proportional to the in-
verse of the acceleration cubed at high Rindler temperature.
Ostapchuk and Mann (2009) studied the generation of entan-
gled fermions by accelerated measurements on the vacuum.
(Aspachs et al., 2010) find that the Unruh-Hawking effect acts
on a quantum system as a bosonic amplification channel.
Wang and Jing (2010) studied the dynamics of quantum en-
tanglement for Dirac field when the field interacts with noise
environment in noninertial frames. They found that the deco-
herence induced by the noise environment and loss of the en-
tanglement generated by the Unruh effect will influence each
other remarkably. In the case of the total system interact with
noise environment, the sudden death of entanglement may ap-
pear for any acceleration. However, sudden death may only
occur when the acceleration parameter is greater than a criti-
cal point when only Rob’s qubit under decoherence.
Hwang et al. (2011) examined the entanglement of a tripar-
tite of scalar field when one of the three parties is moving
with uniform acceleration. The tripartite entanglement ex-
hibits a decreasing behavior but does not completely vanish in
the infinite acceleration limit, which is different from the be-
havior of bipartite entanglement. This fact indicates that the
quantum information processing tasks using tripartite entan-
glement may be possible even if one of the parties approaches
to the horizon of the Rindler spacetime.
Wang and Jing (2011) investigated tripartite entanglement
of a fermionic system when one or two subsystems acceler-
ated. They found that all the one-tangles decrease with in-
creasing acceleration but never reduce to zero for any accel-
eration, which is different from the scalar case of scalar field.
It was shown that the system has only tripartite entanglement
when one or two subsystems with accelerated motion, which
means that the acceleration does not effect the entanglement
structure of the quantum states. The tripartite entanglement of
the case of two observers accelerated decreases much quicker
than the one-observer-accelerated case.
Olson and Ralph (2011) studied quantum entanglement be-
tween the future region and the past region in the quantum
vacuum of the Rindler spacetime. The massless free scalar
fields within the future and past light cone was quantized as
independent systems. The initial vacuum between the future
and past regions became an entangled state of these systems,
which exactly mirrors the prepared entanglement between the
space-like separated Rindler wedges. This lead to the notion
of time-like entanglement. They described an detector which
would exhibit thermal response to the vacuum and discussed
the feasibility of detecting the Unruh effect.
Wang and Jing (2012) discussed the system-environment
dynamics of Dirac fields for amplitude damping and phase
damping channels in noninertial systems. They found that the
thermal fields generated by the Unruh thermal bath promotes
the sudden death of entanglement between the subsystems
while postpone the sudden birth of entanglement between the
environments. However, no entanglement was generated be-
tween the system and environment when the system coupled
with the phase damping environment.
Montero and Martı´nez (2012) argued that in the infinite ac-
celeration limit, the entanglement in a bipartite system of the
fermionic field must be independent of the choice of Unruh
modes. Therefore, to compute field entanglement in relativis-
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tic quantum information, the tensor product structures should
be modified to give rise to physical results.
Khan (2014) studied the dynamics of tripartite entangle-
ment for Dirac fields through linear contraction criterion in the
noninertial frames. It is found that the entanglement measure-
ment is not invariant with respect to the partial realignment of
different subsystems if one observer is accelerated case, while
it is invariant in the two observers accelerated case. It is shown
that entanglement are not generated by the acceleration of the
frame for any bipartite subsystems. Unlike the bipartite states,
the genuine tripartite entanglement does not completely van-
ish in both one observer accelerated and two observers accel-
erated cases even in the limit of infinite acceleration.
Dai et al. (2015) discussed the entanglement of two accel-
erated Unruh-Wald detectors which couple with real scalar
fields. The found that the bipartite entanglement of the two
qubits suddenly dies when the acceleration of one or more
qubits are large enough, which is a result of Unruh thermal
bath. Dai et al. (2016) studied the entanglement of three ac-
celerated qubits, each of them is locally coupled with the
real scalar field, without causal influence among the qubits
or among the fields. The obtained how the entanglement de-
pends on the accelerations of the three qubits and found that
all kinds of entanglement would sudden death if at least two
of three qubits have large enough accelerations.
Metwally (2016) studied the possibility of recovering the
entanglement of accelerated qubit and qutrit systems by using
weak-reverse measurements. It is found that the accelerated
coded local information in the qutrit system is more robust
than that encoded in the qubit system. In addition, the non-
accelerated information in the qubit system is not affected by
the local operation compared with that depicted on qutrit sys-
tem.
2. Discordlike correlations
Datta (2009a) discussed the QD between two free modes
of a scalar field which are observed by two relatively accel-
erated observers. It was showed that finite amount of QD ex-
ists in the regime where there is no distillable entanglement
due to the Unruh effect. In addition, they provided evidence
for a nonzero amount of QD in the limit of infinite accelera-
tion. Martı´n-Martı´nez and Leon (2010) studied the behavior
of classical and quantum correlations in a spacetime with an
event horizon, comparing fermionic with bosonic fields. They
showed the emergence of conservation laws for classical cor-
relations and quantum entanglement, pointing out the crucial
role that statistics plays in the entanglement tradeoff across
the horizon.
Wang et al. (2010c) investigated the distribution of classi-
cal correlations and QD of Dirac modes among different re-
gions in a noninertial frames. They found that for the Dirac
field, the classical correlation decreases with increasing accel-
eration, which is different from the scalar field case where the
classical correlation is independent of the acceleration.
Ramzan (2013) studied the dynamics of GQD and MIN for
noninertial observers at finite temperature. It was found that
the GQD can be used to distinguish the Bell, Werner, and gen-
eral type initial quantum states. In addition, sudden transition
in the behavior of GQD and MIN depends on the mean pho-
ton number of the local environment. In the case of environ-
mental noise is introduced in the system, this effect becomes
more prominent. In the case of depolarizing channel, the en-
vironmental noise is found to have stronger affect on the dy-
namics of GQD and MIN as compared to the Unruh effect.
Qiang and Zhang (2015) investigated the distribution of GQD
among all possible bipartite divisions of a tripartite system for
the free Dirac field modes in noninertial frames. As a compar-
ison, they also discussed the geometric measure of entangle-
ment for the same quantum state.
3. Quantum coherence
Chen et al. (2016c) investigated the behavior of quantum
coherence for free scalar and Dirac modes as detected by ac-
celerated observers. They showed that the relative entropy of
coherence is destroyed as increasing acceleration of the de-
tectors. In addition, the shared coherence between the ac-
celerated observers vanishing in the infinite acceleration limit
for the scalar field, but tends to a non-vanishing value for the
Dirac field.
Huang et al. (2016) studied the freezing condition of co-
herence for accelerated free modes in a relativistic setting be-
yond the single-mode approximation. They also discussed the
behavior of cohering power and decohering power under the
Unruh channel. It was found that the quantum coherence can
be distributed between different modes, but the coherence lost
in the particle mode sector is not transferred entirely to the
antiparticle mode sector. They also demonstrated that the ro-
bustness of quantum coherence are better than entanglement
under the influence of Unruh effect.
Liu et al. (2016c,d) investigated the dynamics of quantum
coherence of two-level atoms interacting with the electromag-
netic field in the absence and presence of boundaries. They
found that for the two-level systems, the quantum coherence
cannot be protected from noise without boundaries. However,
in the presence of a boundary, the insusceptible of the quan-
tum coherence can be fulfilled when the atoms is close to the
boundary and is transversely polarizable. In addition, in the
presence of two parallel reflecting boundaries, for some spe-
cial distances the quantum coherence of atoms can be shielded
from the influence of external environment when the atoms
have a parallel dipole polarization at arbitrary location be-
tween these two boundaries.
B. Free field modes beyond the single-mode approximation
Martı´n-Martı´nez and Leon (2009) introduced an arbitrary
number of accessible modes when analyzing the Unruh effect
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on bipartite entanglement degradation. Bruschi et al. (2010)
performed that an inertial observer has the freedom to cre-
ate excitations in any accessible modes Ω j,∀ j rather than a
typical mode. Therefore, one cannot maps a single-frequency
Minkowski mode into a set of single frequency Rindler modes
in an accelerated setting (Bruschi et al., 2010). That is, the
single-mode approximation should be relaxed in a general set-
ting. To overcome the shortage of the single-mode approxima-
tion, one should employ the Unruh basis which provides an
intermediate step between the Minkowski modes and Rindler
modes. The relations between the Unruh and the Rindler op-
erators are
Cω,R =
(
cosh rω aˆω,I − sinh rω bˆ†ω,II
)
,
Cω,L =
(
cosh rω aˆω,II − sinh rω bˆ†ω,I
)
,
D
†
ω,R
=
(
− sinh rω aˆω,I + cosh rω bˆ†ω,II
)
,
D
†
ω,L
=
(
− sinh rω aˆω,II + cosh rω bˆ†ω,I
)
,
(516)
where sinh rω = (e
2πω/a − 1)−1/2. The Unruh modes
are positive-frequency combinations of plane waves in the
Minkowski spacetime, but enjoy an important property: they
are mapped into single frequency Rindler modes.
For the free scalar fields, the generic Rindler Fock state
|nm, pq〉ω describing both boson and antiboson is
|nm, pq〉ω ≔
aˆ
†n
ω,out√
n!
bˆ
†m
ω,in√
m!
bˆ
†p
ω,out√
p!
aˆ
†q
ω,in√
q!
|0〉S , (517)
where the ± sign is the notation for boson and antiboson, re-
spectively. This allows us to rewrite the Unruh vacuum as
(Bruschi et al., 2012b; Fabbri, 2005)
|0ω〉U = 1
cosh r2ω
∞∑
n,m=0
tanh rn+mω |nn,mm〉ω, (518)
where |0ω〉U is a shortcut notation used to underline that each
Unruh mode ω is mapped into a single frequency Rindler
mode ω.
One particle Unruh states are defined as |1 j〉+U = c†ω,U|0〉H,
|1 j〉−U = d†ω,U|0〉H, where |0〉H denotes the Hartle-Hawking vac-
uum. The particle and antiparticle creation operators for Un-
ruh modes are defined as
c
†
ω,U
= qRC
†
ω,R
+ qLC
†
ω,L
, d†
ω,U
= qRD
†
ω,R
+ qLD
†
ω,L
, (519)
where qR and qL satisfy |qR|2 + |qL|2 = 1. The operator
c
†
ω,U
in Eq. (519) means the creation of a pair of particles
(Bruschi et al., 2012b; Wang et al., 2014b), i.e., a boson with
modeω in the Rindler region I and an antiboson in the Rindler
region II. Similarly, the creation operator d†
ω,U
denotes that an
antiboson and a boson are created in Rindler region I and II,
respectively.
Martı´n-Martı´nez and Leon (2009) introduced an arbitrary
number of accessible modes for the Dirac field. They proved
that under the single-mode approximation a fermion only has
a few accessible levels due to Pauli exclusion principle, which
is different from the bosonic fields which has infinite num-
ber of excitable levels. This was argued to justify entangle-
ment survival in the fermionic case at the infinite acceleration
limit under the single-mode approximation. By relaxing the
single-mode approximation, entanglement loss for the Dirac
field mode is limited, which comes from fermionic statistics
through the characteristic structure. In addition, the surviving
entanglement in the infinite acceleration limit is found to be
independent of the the type of fermionic field and the number
of considered accessible modes.
Bruschi et al. (2010) addressed the validity of the single-
mode approximation and discussed the behavior of Unruh
effect beyond the single-mode approximation. They argued
that the single-mode approximation is not valid for arbitrary
states in a relativistic setting. In addition, some corrections
to previous studies on relativistic quantum information be-
yond the single-mode approximation are performed both for
the bosonic and fermionic cases. They also exhibited a se-
quence of wave packets where such approximation is justified
subject to the peaking constraints which set by some appro-
priate Fourier transforms.
Bruschi et al. (2012b) analyzed the tradeoff of quantum
entanglement between particle and anti-particle modes of a
charged bosonic field in a noninertial frame beyond the single-
mode approximation. They found that the redistribution of
entanglement between bosonic and antibosonic modes does
not prevent the entanglement from vanishing in the limit of
infinite acceleration. That is, they included antiparticles in
the study of bosonic entanglement by analyzing the charged
bosonic case and find that mode entanglement always van-
ishes in this limit. This supports the conjecture that the main
differences in the behavior of entanglement in the bosonic
field mode and fermionic field mode case are due to the differ-
ence between the Bose-Einstein statistics and the Fermi-Dirac
statistics.
Brown et al. (2012) demonstrated that quantum correla-
tions measured by the GQD decays to zero in the limit of
infinite acceleration, which is in contrast with previous re-
search showing that the degradation of QD vanish in this limit.
They argued that the usable quantum correlationsmeasured by
GQD in the large acceleration regime appear severely limited
for any protocols. In addition, vanishing of the GQD implies
a significant limitation on the usable quantum correlations for
large accelerations.
Tian and Jing (2013) studied the MIN for both Dirac and
Bosonic fields in non-inertial frames beyond the single-mode
approximation. They found that two different behaviors exist
between the Dirac and scalar fields are: (i) the MIN for Dirac
fields persists for any acceleration, while for Bosonic fields
this quantity does decay to zero in the limit of infinite acceler-
ation; (ii) the dynamic behaviors of the MIN for scalar fields
is quite different from the Dirac fields case in the accelerated
frame. In addition, the MIN is found to be more general than
the quantum nonlocality related to violation of Bell inequali-
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ties.
Richter and Omar (2015) studied the entanglement of Un-
ruh modes shared by two accelerated observers and find some
differences in the robustness of entanglement for these states
under the effect of Unruh thermal bath. For the initial state
prepared in Bell states of free bosonic and a fermionic modes,
they found that the statesΨ± are entangled for any finite accel-
erations. However, the states Φ± exists entanglement sudden
death for some finite accelerations due to the effect of Unruh
radiation. They also considered the differences in the behavior
of entanglement for fermionic modes and discussed the role
that is played by particle statistics. These results suggest that
the degradation of entanglement in noninertial frames strongly
depends on the occupation patterns of the constituent states.
C. Curved spacetime and expanding universe
1. In the background of a black hole
As discussed in Refs. (Fuentes-Schuller and Mann, 2005;
Pan and Jing, 2008b), the role of a Rindler observer in the ac-
celerated frame corresponds to a Schwarzschild observer in
the background of a black hole (Fabbri, 2005). In addition,
it was found that the effect of Hawking radiation of the black
hole on a quantum system can be described by a bosonic am-
plification channel (Aspachs et al., 2010). In this case, we as-
sume Alice stays stationary at an asymptotically flat region
of an external black hole, and Bob is a Schwarzschild ob-
server who hovers near the event horizon of a black hole.
The spacetime background near a static and asymptotically
flat Schwarzschild black hole, is described by
ds2 = − (1 − 2M
r
)dt2 + (1 − 2M
r
)−1dr2
+ r2(dθ2 + sin2θdϕ2),
(520)
where M represents the mass of the black hole.
Solving the KG equation or Dirac equation near the event
horizon of the black hole, one can obtain a set of positive fre-
quency modes propagating in the exterior and interior regions
of the event horizon. Here, we introduce the quantization of
Dirac fields, in this case the positive (fermions) frequency so-
lutions are found to be
Ψ+I,k = Ge−iωU , Ψ+II,k = GeiωU , (521)
where U = t − r∗ and G is a 4-component Dirac spinor, k
is the wave vector used to label the modes and for massless
Dirac field we have ω = |k|.
In terms of these basis, the Dirac field Ψ can be expanded
as
Ψ =
∫
dk[aˆout
k
Ψ+out,k+bˆ
out†
−k Ψ
−
out,k+aˆ
in
k
Ψ+in,k+bˆ
in†
−kΨ
−
in,k], (522)
where aˆout
k
and bˆout†
k
are the fermionic annihilation and an-
tifermion creation operators acting on the state of the exterior
region of the black hole, and aˆin
k
and bˆin†
k
are the operators act-
ing on the state in the interior region of the black hole. These
operators aˆout
k
satisfy the canonical anticommutation relations
{aˆout
k
, aˆout
k′ } = δkk′ ,
{aˆout
k
, aˆout†
k′ } = {aˆout†k , aˆout†k′ } = 0
(523)
where {., .} denotes the anticommutator.
Making analytic continuation for Eq. (521) according to the
suggestion of Damour-Ruffini (Damour and Ruffini, 1976), a
set of Kruskal modes is obtained. The Kruskal modes can be
used to define the Hartle-Hawking vacuum, corresponding to
Minkowski vacuum in an inertial frame (Fabbri, 2005). These
two sets of operators are related to each other by the Bogoli-
ubov transformation
a˜ =
∫
k′
dk′
[
αkk′ak′ + β
∗
kk′a
†
k′
]
, (524)
where αkk′ and βkk′ are the Bogoliubov coefficients, which en-
code information about the spacetime. To quantize the Dirac
filed beyond the single-mode approximation (Bruschi et al.,
2010; Martı´n-Martı´nez and Leon, 2009), we construct a dif-
ferent set of operators in the inside and outside regions of the
black hole, which are
c˜
†
k,R
= cos raˆout†
k
− sin rbˆin†−k
c˜
†
k,L
= cos raˆin†
k
− sin rbˆout†−k ,
(525)
where
cos r = (e−8πωM + 1)−1/2, sin r = (e8πωM + 1)−1/2. (526)
A relevant set of annihilation operators can be constructed in a
analogous way. These modes with subscripts L and R are left
and right Unruh modes. After some calculations, the Hartle-
Hawking vacuum is found to be |0〉H =
⊗
k
|0k〉K , where
|0k〉K = cos2 r|0000〉 − sin r|0011〉
+ sin r cos r|1100〉 − sin2 r|1111〉. (527)
In the last-written equation
|mnm′n′〉 = |mk〉+out|n−k〉−in|m′−k〉−out |n′k〉+in, (528)
with {|n−k〉−in} and {|nk〉+out} being the orthonormal bases of the
inside and outside the event horizon of the black hole, and the
{+,−} is used to indicate the fermion and antifermion vacuum
states.
Pan and Jing (2008b) discussed the effect of the Hawking
temperature of a static and asymptotically flat black hole on
the entanglement and teleportation for the free scalar modes.
It was demonstrated that the fidelity of teleportation decreases
as the Hawking temperature of the black increases, which in-
dicates the thermal bath induced by the Hawking radiation de-
stroys the quantum channel. The final state are absent of any
distillable entanglement in the infinite Hawking temperature
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limit, which corresponds to the case of the black hole evapo-
rating completely.
Ge and Kim (2008) studied the dynamics of entanglement
and the fidelity of teleportation in the background of a ro-
tating black hole with extra dimensions. The metric of a d-
dimensional black hole is given by
ds2 = −
[
1 −
(rh
r
)d−3]
dt2 +
[
1 −
( rh
r
)d−3]−1
dr2
+ r2dΩ2d−2,
(529)
where rh is the event horizon of the black hole with area Ad =
rd−2
h
Ωd−2, and Ωd−2 is the volume of a unit (d − 2)-sphere.
From Eq. (529), one can obtain the mass of the d-dimensional
black hole, which is
M =
(d − 2)rd−3
h
Ωd−2
16πGd
, (530)
for the d-dimensional Newton’s constant Gd. They discussed
how the extra dimensions, the black hole’s mass and angu-
lar momentum parameter, and mode frequency would influ-
ence the behavior of quantum entanglement and fidelity in the
curved spacetime. They showed that a maximally entangled
initial state which is prepared in an inertial frame becomes less
entangled in the curved space due to the Hawking radiation. In
addition, the degree of entanglement and fidelity of quantum
teleportation were found to be degraded with increasing extra
dimension parameter and surface gravity of the black hole.
Wang et al. (2009) studied quantum entanglement of the
coupled massive scalar field in the spacetime of a Garfinkle-
Horowitz-Strominger dilation black hole. The metric for a
Garfinkle-Horowitz-Strominger dilation black hole spacetime
is (Garfinkle et al., 1991)
ds2 = −
(
r − 2M
r − 2α
)
dt2 +
(
r − 2M
r − 2α
)−1
dr2
+ r(r − 2α)dΩ2,
(531)
where M is the mass of the black hole and α is the dilation
charge. It was found that entanglement does not depend on the
coupling between the scalar field and the gravitational field
and the mass of the field. As the dilation parameter α in-
creases, entanglement is destroyed by the Hawking effect. It
is interesting to note that in the limit of α = M, corresponding
to the case of an extreme black hole, the system has no en-
tanglement for any initial state, which its mutual information
equals to a nonvanishing minimum value.
Wang et al. (2010a) studied the quantum projective mea-
surements and generation of entangled Dirac particles in
the background of a Schwarzschild Black under the single
mode approximation. They found that the measurements per-
formed by Bob who locates near the event horizon of the
Schwarzschild black hole creates entangled particles. The par-
ticles can be detected by Alice who stays stationary at the
asymptotically flat region. In addition, the degree of entan-
glement increases when the Hawking temperature increases.
Deng et al. (2010) studied how the Hawking effect of a black
hole influence the entanglement distillability of Dirac fields in
the Schwarzschild spacetime. It was found that entanglement
distillability of the states are influenced both by the Hawking
temperature of the black hole and energy of the fields. Al-
though the parameter of the generic entangled states affects
the entanglement, it would not change the range in which the
states are entangled for the case of generic entangled states.
Martı´n-Martı´nez et al. (2010a) analyzed the entanglement
degradation provoked by the Hawking effect in a bipartite sys-
tem near the event horizon of a Schwarzschild black hole be-
yond the single mode approximation. They determined the
degree of entanglement as a function of the frequency of the
field modes, the distance of the accelerated observer to the
event horizon, and the mass of the black hole. They found
that, in the case of Rob is far off the black hole, all the in-
teresting phenomena occur in the vicinity and the presence of
event horizons do not effectively degrade the entanglement.
They also discussed the localization of Alice and Rob states
in the curved spacetime.
Martı´n-Martı´nez et al. (2010b) studied the generation of
quantum entanglement in the formation of a black hole. It
was found that a field in a dynamical gravitational collapse
the vacuum of a field can evolve to an entangled state. They
quantified and discussed the origin of this entanglement and
found that for micro-black hole formation and the final stages
of evaporating black holes, it could even reach the maximal
entanglement limit. In addition, fermions are found to be
more sensitive than bosons to the quantum entanglement gen-
eration, which is helpful in finding experimental evidence of
quantum Hawking effect in analog gravity models.
Wang et al. (2010b) studied how the Hawking radiation in-
fluence the redistribution of the entanglement and mutual in-
formation in the Schwarzschild spacetime. It was shown that
the physically accessible correlations degrade while the un-
accessible correlations increase under the Hawking thermal
bath. This is partly because the initial correlations prepared
in an inertial frame are redistributed between all the bipartite
subsystems. In the limit case that the temperature tends to in-
finity, the accessible mutual information equals to just half of
its initial value. They also studied the influence of Hawking
radiation on the redistribution of the entanglement and mutual
information of free Dirac field modes in the Schwarzschild
spacetime (Wang et al., 2010b). The results showed that the
physically accessible correlations degrade while the unacces-
sible correlations increase with increasing Hawking tempera-
ture. That is, the initial quantum entanglement prepared in in-
ertial frame are redistributed between all the bipartite modes
due to the influence of Hawking effect. In the limit of infi-
nite Hawking temperature, the physically accessible mutual
information equals to just half of its initial value. In addition,
the unaccessible mutual information between mode A and II
equals to the mutual information between mode A and I.
Hosler et al. (2012) discussed quantum communication be-
tween an observer who free falls into the black hole and an
observer hovering over the horizon of a Schwarzschild black
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hole. It was found that the communication channels degrades
due to the effect of the Unruh-Hawking noise. It was showed
that for bosonic quantum communication using single-rail and
dual-rail encoding, the classical channel capacity reduces to a
finite value and the quantum coherent tends to zero by ignor-
ing time dilation which affects all channels equally. That is,
quantum coherence is fully removed at infinite acceleration,
whereas classical correlation still exist in this limit.
Wang et al. (2014b) studied the dynamics of the discord-
type quantum correlation, the measurement-induced distur-
bance, and classical correlation of Dirac fields in the back-
ground of the Garfinkle-Horowitz-Strominger dilation black
hole. They showed that all the above mentioned correlations
are destroyed as the increase of black hole’s dilation charge.
Comparing to the inertial systems, the quantum correlation
measured by QD is always not symmetric with respect to the
measured subsystems, while the measurement-induced distur-
bance is always symmetric. In addition, the symmetry of QD
is found to be influenced by the spacetime curvature produced
by the dilation of the black hole.
He et al. (2016) discussed the MIN for Dirac particles in
the Garfinkle-Horowitz-Strominger dilation spacetime. They
found that as the dilation parameter increases, the physical
accessible MIN decreases monotonically. The physical ac-
cessible correlation is found to be nonzero when the Hawk-
ing temperature is infinite. This is different from the case of
scalar fields and owns to the statistical differences between the
Fermi-Dirac fields and the Bose-Einstein fields. They also de-
rived the boundary of the MIN related to Bell-violation and
found that the former is more general than the Bell nonlocal-
ity.
The behavior of monogamy deficit and monogamy asym-
metry of quantum steering under the influence of the Hawking
effect is studied in (Wang et al., 2018a). In the curved space-
time, the monogamy of quantum steering shows an extreme
scenario: the first part of a tripartite system cannot individu-
ally steer two other parties, while it can steer the collectivity
of them. In addition, the monogamy deficit of Gaussian steer-
ing are generated due to the influence of the Hawking thermal
bath.
2. In an expanding universe
The spacetime of a homogeneous and isotropic expanding
universe is described by the Friedmann-Lemaıˆtre-Robertson-
Walker (FLRW) metric, which is
ds2 = dt2 − [a(t)]2(dx2), (532)
for a two-dimensional geometry. By defining the conformal
time coordinate η, the FLRW metric equation is rewritten as
ds2 = [a(η)]2(dη2 − dx2), (533)
where [a(η)]2 = C(η) is the conformal scale factor. To solve
the KG equation in the asymptotic past η → −∞ and the
asymptotic future η → +∞ region, we choose the following
conformal scale factor
C(η) = 1 + ǫ tanh(ρη) , (534)
where ǫ and ρ are parameters controlling the total volume
and rapidity of the expansion, respectively. In the asymp-
totic past and future, the FLRW universe is asymptotically flat.
The asymptotic solutions of the KG equation in the past and
asymptotic future are
uink (x, η) −→η→−∞
1
2
√
πωin
ei(kx−ωinη),
uoutk (x, η) −→η→∞
1
2
√
πωout
ei(kx−ωoutη),
(535)
where ωout/in =
√
k2 + m2(1 ± ǫ). Considering the properties
of hypergeometric functions, the Bogoliubov coefficient ma-
trix of the scalar field in the FLRW spacetime is calculated
in diagonal form. After some calculations, the Bogoliubov
transform between operators is found to be
ak,in = α
∗
kak,out − β∗ka†−k,out, (536)
and
a
†
k,in
= αka
†
k,out
− βka−k,out (537)
where
αk =
√
ωout
ωin
Γ([1 − (iωin/ρ)])Γ(−iωout/ρ)
Γ([1 − (iω+/ρ)])Γ(−iω+/ρ) ,
βk =
√
ωout
ωin
Γ([1 − (iωin/ρ)])Γ(iωout/ρ)
Γ([1 + (iω−/ρ)])Γ(iω−/ρ)
.
(538)
To quantize Dirac fields in the FLRW spacetime
(Bergstrom and Goobar, 2006; Birrell and Davies, 1982;
Duncan, 1978), an appropriate choice for the conformal
factor a(η) is (Birrell and Davies, 1982; Duncan, 1978)
a(η) = 1 + ǫ(1 + tanh ρη). (539)
Similarly, one may obtain the solution of the Dirac fields
that behaving as in the asymptotic past and future region of the
FLRW spacetime. Then we calculate the relation between the
operators in the asymptotic future and past region and quan-
tize the field. For the Dirac field, the Bogoliubov transfor-
mations (Birrell and Davies, 1982) between in and out modes
are
ψ
(±)
in
(k) = A±k ψ(±)out(k) + B±kψ(∓)∗out (k), (540)
where the Bogoliubov coefficients A±
k
and B±
k
that take the
form
A±k =
√
ωout
ωin
Γ(1 − iωin
ρ
)Γ(− iωout
ρ
)
Γ(1 − iζ∓
(+)
/ρ)Γ(−iζ±
(+)
/ρ)
,
B±k =
√
ωout
ωin
Γ(1 − iωin
ρ
)Γ( iωout
ρ
)
Γ(1 + iζ±
(−)/ρ)Γ(iζ
∓
(−)/ρ)
.
(541)
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Ball et al. (2006) studied entanglement for scalar field
modes in the two-dimensional asymptotically flat Robertson-
Walker expanding spacetime. They showed that the expand-
ing universe generates entanglement between modes of the
scalar field, which conversely encodes information of the un-
derlying spacetime structure. They calculated the entangle-
ment in the far future, for the scalar field residing in the vac-
uum state in the distant past. They pointed out how the cos-
mological parameters of the toy Robertson-Walker spacetime
can be extracted from quantum correlations between the field
modes.
Ahn and Kim (2007) considered the entanglement of two-
mode squeezed states for scalar fields in the Riemannian
spacetime. The system is prepared as a two mode squeezed
state for continuous variables from an inertial point of view.
The initial system is prepared in Unruh mode A and mode B
in an inertial frame with the covariance matrix
σ(M)
AB
(s) =
( Ai(s) Ei(s)
ET
i
(s) Bi(s)
)
, (542)
where Ai(s) = Bi(s) = cosh(2s)1 2, and Ei(s) = sinh(2s)Z2.
This setting allows the use of entanglement measure for con-
tinuous variables, which can be applied to discuss free and
bound entanglement from the point of view from noninertial
observer.
Fuentes et al. (2010) found that entanglement was gener-
ated between modes of Dirac fields in a two-dimensional
Robertson-Walker universe. The entanglement generated by
the expansion of the universe is lower than for the bosonic
case for some fixed conditions (Ball et al., 2006). It was also
found that the entanglement for Dirac fields codifies more in-
formation about the underlying spacetime structure than the
bosonic case, thereby allowing us to reconstruct more infor-
mation about the history of the expanding universe. This high-
lights the importance of the difference between the bosonic
and the fermionic statistics to account for relativistic effects
on the entanglement of field modes.
Feng et al. (2013) investigated quantum teleportation be-
tween the conformal observer Alice and the inertial observer
Bob in de Sitter space with both free scalar modes and cavity
modes. The fidelity of the teleportation is found to be de-
graded in both cases, which is due to the Gibbons-Hawking
effect associated with the cosmological horizon of the de Sit-
ter space. In both schemes, the cutoff at Planck-scale causes
extra modifications to the fidelity of the teleportation compar-
ing with the standard Bunch-Davies choice.
Moradi (2014) studied the spin-particles entanglement be-
tween two modes of Dirac field in the expanding Robertson-
Walke spacetime. They calculated the Bogoliubov transfor-
mations for spin-particles between the asymptotic flat remote
past and far future regions. It was showed that the particles-
antiparticles entanglement creation when passing from remote
past to far future due to the articles creation, while particles
entanglement in the remote past degrades into the far future.
They derived analytical expressions of logarithmic negativity
both for spin particles and for spin-less ones as function of the
density of the created particles. In addition, they highlighted
the role of spin of particles for the dynamics of entanglement
in the Robertson-Walke spacetime.
Feng et al. (2014) studied the quantum correlations and
quantum channel of both free scalar and Dirac modes in de
Sitter space. They found that the entanglement between the
free field modes is degraded due to the radiation associated
with the cosmological horizon. They constructed proper Un-
ruh modes admitting general α-vacua beyond the single-mode
approximation and found a convergent feature of both the
bosonic and fermionic cases. In particular, the convergent
points of fermionic entanglement are found to dependent on
the choice of α. Moreover, an one-to-one correspondence be-
tween the convergent points of entanglement and zero capac-
ity of quantum channels in the de Sitter space was proved.
Wang et al. (2015) studied the parameter estimation for ex-
citations of Dirac fields in the expanding Robertson-Walker
universe. The optimal precision of the estimation was found to
depend on the dimensionless mass m˜ and dimensionless mo-
mentum k˜ of the Dirac particles. The precision of the estima-
tion was obtained by choosing the probe state as an eigenvec-
tor of the hamiltonian. This is because the largest quantum
fisher information can be obtained by performing projective
measurements implemented by the projectors onto the eigen-
vectors of specific probe states.
Pierini et al. (2016) investigated the effects of spin on en-
tanglement arising in Dirac field in the Robertson-Walker uni-
verse. They present an approach to treat the case which only
requires charge conservation, and the case which also requires
angular momentum conservation. It was found that in both
situations entanglement originated from the vacuum have the
same behaviors and does not qualitatively deviates from the
spinless case. Differences only arise for the case in which
particles or antiparticles are present in the input state.
Liu et al. (2016e) studied the thermodynamical properties
of scalar fields in the Robertson-Walker spacetime. They
treated scalar fields in the curved spacetime as a quantum sys-
tem undergoing a non-equilibrium transformation. The out-
of-equilibrium features were studied via a formalism which
was developed to derive emergent irreversible features and
fluctuation relations beyond the linear response regime. They
applied these ideas to the expanding universe scenario, there-
fore the assumptions on the relation between entropy and
quantum matter is not required. They provided a fluctuation
theorem to understand particle production due to the universe
expansion.
D. Noninertial cavity modes
Downes et al. (2011) proposed a scheme for storing quan-
tum correlations in the field modes of moving cavities in a
flat spacetime. In contrast to previous work where quantum
correlations degradation due to the Unruh-Hawking effect,
they found that entanglement in such systems is protected.
They further discussed the establishment of entanglement and
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found that the generation of maximally entangled states be-
tween the cavities is in principle possible. Like free field
modes, the dynamics of the scalar field inside the cavity is
also given by the KG equation given in Eq. (503). Under the
Dirichlet boundary conditions, solutions of the KG equation
are given by the plane waves
un(t, x) =
1√
nπ
sin
(
nπ
L
[x − x1]
)
e−
inπ
L
t, (543)
and the scalar field contained within the cavity walls is
φˆA(t, x) =
∑
n
(un(t, x)aˆn + u
∗
n(t, x)aˆ
†
n), (544)
where aˆ†n and aˆn are the creation and annihilation operators,
with [aˆn, aˆ
†
n′] = δnn′ . The Dirichlet boundary conditions de-
scribe the perfectly reflecting mirrors of the scalar field which
is set to vanish on the boundary. Here, Alice’s cavity is iner-
tial and Rob’s cavity is described by a uniformly accelerating
boundary condition.
The world line of Rob’s cavity is described by the Rindler
coordinates (η, ξ) given in Eq. (507). We assume that Rob is
stationary at spatial location ξ = ξ1 for all η, his trajectory in
the Minkowski coordinates has the form x1(t) = (t
2 + X21)
1/2,
where X1 = a
−1eaξ1 , and Rob’s proper acceleration is given by
α = X−11 . Rob’s cavity consists of two mirrors, one at ξ1 and
the other at ξ2 and stationary with respect to him.
Then, one let Alice and Rob to meet at t = 0 with their
mirrors aligned, which fixes the position of Alice’s cavity
as x1 = X1 and the length of Rob’s cavity at t = 0 to be
X2 − X1 = L. Therefore, the length of Rob’s cavity in Rindler
coordinates is L′ = 1
a
ln (1 + aL) for all t for fixed a. The
boundary conditions φ[η, ξ1] = φ[η, ξ2] = 0 in this case are
time-independent since the length L′ is a constant. The solu-
tions of the KG equation takes the form
vn(η, ξ) =
1√
nπ
sin
(
nπ
L′
ξ
)
e−
inπ
L′ η, (545)
where n ∈ {1, 2, . . .}. Therefore, the scalar field inside the
cavity is
φˆR(η, ξ) =
∑
n
(vn(η, ξ)bˆn + v
∗
n(η, ξ)bˆ
†
n), (546)
from Rob’s perspective, where bˆ†n and bˆn are creation and an-
nihilation operators with [bˆn, bˆ
†
n′] = δnn′ . The vacuum state
is defined by bˆn|0〉R = 0, ∀n, where the subscript R indicates
Rindler cavity. Assuming the cavity’s mirrors is perfectly re-
flecting. Then one can obtain that if Rob prepares the cavity
in a given Rindler state, it will remain in the same state for all
times (Avagyan et al., 2002).
Bruschi et al. (2012a) studied whether the nonuniform mo-
tion degrades entanglement of a relativistic quantum field
that is localized both in space and in time. The field modes
in each cavity are discrete and have the frequencies ωn ≔√
M2 + π2n2/δ, where M ≔ µδ and the quantum number are
η
_
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FIG. 8 The figure shows the trajectories of the cavities
(Bruschi et al., 2012a): Alice’s cavity keeps inertial, Rob’s cavity
is inertial in region I and is again inertial in region III, Rob’s cavity
is accelerated in region II. Here, η¯ is the duration of the acceleration.
n ∈ {1, 2, . . .}. We then assume Rob undergoes accelerated
motion. The trajectories of the cavities is given in Fig. 8.
They denote Un as Rob’s field modes with positive frequency
ωn before the acceleration and denote U¯n as Rob’s field modes
after the acceleration. The two sets of modes are related by the
Bogoliubov transformation
U¯m =
∑
n
(
αmnUn + βmnU
∗
n
)
, (547)
where the Bogoliubov coefficient matrices α and β are de-
termined by the motion of the cavity during the acceleration
(Birrell and Davies, 1982). Here, the proper acceleration at
the center of the cavity is h/δ, where the parameter h should
satisfy h < 2 to ensure the acceleration at the left end of
the cavity is finite. In the region II, the scalar field positive
frequency modes with respect to ξ are a discrete set Vn with
n ∈ {1, 2, . . .}, and their frequencies at the center of the cavity
are Ω˜n = (πhn)/[2δatanh(h/2)] with respect to the proper time
τ.
The Bogoliubov transformation between the two sets
of modes can be computed at the junction t = 0
(Birrell and Davies, 1982). The coefficient matrices α and β,
have small h expansions and have the form
α0nn = 1 − 1240 π2n2h2 + O(h4),
α0mn =
√
mn
(−1 + (−1)m−n)
π2(m − n)3 h + O(h
2),
β0mn =
√
mn
(
1 − (−1)m−n)
π2(m + n)3
h + O(h2),
(548)
where m , n. Then one can calculate the state of the cavity
modes after the acceleration.
Friis et al. (2012) analyzed quantum entanglement and
nonlocality of a massless Dirac field confined to a cavity. The
world tube of the cavity consists of inertial and uniformly
accelerated segments, and the accelerations are assumed to
be small but the travel time is arbitrarily long. The quan-
tum correlations between the field modes in the inertial cav-
ity and the accelerated cavity modes are periodic in the dura-
tions of the individual trajectory segments. They found that
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the loss of quantum correlations can be entirely avoided by
tuning the relative durations of the segments. Compared with
bosonic correlations, it is easier to calculate the quantum cor-
relations in the fermionic Fock space because the relevant den-
sity matrices act in lower dimensional Hilbert space due to the
fermionic statistics. Therefore, it is possible to quantify the
quantum correlations not only in terms of the entanglement
negativity but also in terms of the CHSH inequality.
Brenna et al. (2013) studied the effects of different bound-
ary conditions and coupling forms on the response of a accel-
erated particle detector in optical cavities. Specifically, they
considered cavity fields with periodic, Dirichlet, and Neu-
mann boundary conditions. They demonstrated that the Un-
ruh effect does indeed occur in a cavity, which is independent
of the boundary conditions. They found the thermalization
properties of the accelerated detector: an accelerated detector
evolves to a thermal state whose temperature increases lin-
early with its acceleration. In a non-perturbatively way, it was
proven that if the switching process is smooth enough, the de-
tector is thermalized to the Unruh temperature, which is inde-
pendent of the type of coupling and the boundary conditions.
Bruschi et al. (2013a) discussed how the accelerated mo-
tion of a quantum system can be used to generate quantum
gates. They present a class of sample travel scenarios in which
the nonuniform relativistic motion of a cavity is used to gen-
erate two-mode quantum gates in a quantum system with the
continuous variables. They found that the degree of entan-
glement between the cavity modes are produced through res-
onance of the cavity which appears by repeating periodically
trajectory. In addition, they obtained analytical expression of
the generated entanglement in terms of the magnitude and di-
rection of the acceleration. The cavity modes are assumed to
be initially at rest and the cavity trajectories are constructed
through the Bogoliubov transformations. In the covariance
matrix formalism, the Bogoliubov transformations are repre-
sented by the symplectic matrix S, which has the form
skk′ =
( ℜ(Akk′ − Bkk′) ℑ(Akk′ + Bkk′)
−ℑ(Akk′ − Bkk′) ℜ(Akk′ + Bkk′)
)
, (549)
where Akk′ and Bkk′ are the Bogoliubov coefficients associated
with the trajectory. By assuming h = aL≪ 1, the Bogoliubov
coefficients can be expanded to the first order in h as
Akk′ = Gkδkk′ + A
(1)
kk′ , Bkk′ = B
(1)
kk′ , (550)
where Gk = e
iωkT are the phases of the state during segments
of free evolution, T denotes the total proper time of the seg-
ment, and the superscript (1) denotes the first order in h. If the
cavity is prepared initially in the vacuum state, the reduced
state of the modes after an N-segment trajectory is found to
be
σN = (S
N
kk′)
T pS Nkk′ , (551)
where
S kk′ =
(
skk skk′
sk′k sk′k′
)
, (552)
and the transformation S N
kk′ corresponds to two mode squeezer
that is a two mode entangling gate.
Bruschi et al. (2013b) studied the mode-mixing quantum
gates and entanglement in nonuniform accelerated cavities. It
was showed that the periodic accelerated motion of the cavity
can produce entangling quantum gates between different fre-
quency modes. The resonant condition in the cavities which
associates with particle creation is an important feature of the
dynamical Casimir effect. It was found that a second reso-
nance, which has attracted less attention because it produces
negligible particles, generates a beam splitting quantum gate.
This quantum gate leads to a resonant enhancement of quan-
tum entanglement, which can be regarded as the most impor-
tant evidence of acceleration effects in mechanical oscillators.
Friis et al. (2013b) analyzed relativistic quantum informa-
tion for quantized scalar, spinor, and photon fields in an accel-
erated mechanically rigid cavity in the perturbative small ac-
celeration formalism. The scalar field was analyzed with Neu-
mann and Dirichlet boundary conditions, and the photon field
was discussed under conductor boundary conditions. The
massive Dirac spinor is analyzed with dimensions transverse
to the acceleration. It was found that for smooth accelerations,
the unitarity of time evolution holds, while for discontinuous
accelerations, it fails in 4-dimensions and higher spacetime.
The experimental scenario proposed in (Bruschi et al., 2013b)
for the scalar field can also apply to the photon field.
Kerstjens and Martinez (2015) analyzed the harvesting of
classical and quantum correlations from vacuum for particle
detectors. They demonstrated how the spacetime dimension-
ality, the detectors’ physical size, and their internal energy
structure would impact the detectors’ harvesting ability. They
revealed several dependence on these parameters that can op-
timize the harvesting of quantum entanglement and classical
correlations. Furthermore, they found that to harvest vacuum
entanglement, smooth switching is more efficient than sudden
switching, especially in the case of the detectors are spacelike
separated.
Regula et al. (2016) investigated entanglement generated
between the modes of two uniformly accelerated bosonic cav-
ities when interacting with a two-level system. It was found
that the inertial and the accelerated cavity become entan-
gled by letting an atom emitting an excitation when it passes
through the cavities, but the generated entanglement is de-
graded against the effects of acceleration. The generated en-
tanglement is affected not only by the accelerated motions of
the cavities but also by its transverse dimension which plays
the role of an effective mass. In addition, they found that the
extra spatial dimensions contribute to the mass of the field.
Therefore, if the massless bosonic field is used, the degrada-
tion effect of entanglement should not occur.
E. Unruh-DeWitt detectors
To model the response of an accelerated detector in a quan-
tum field, the Unruh-DeWitt detector model was performed
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(Unruh and Wald, 1984). This model consists of a two-level
non-interacting atom, which couples to the external scalar
field along its world line in a point-like manner (Wald, 1994).
The response of the Unruh-DeWitt detector depends on its tra-
jectory and the state of the field. For definiteness and without
loss of generality, we consider an uniformly accelerated de-
tector, whose world line is given by Eq. (507).
Here we study two detectors, one named Alice keeps static
and the other one named Rob moves with uniform accelera-
tion a for a time duration ∆. Alice’s detector is assumed al-
ways switched off and Rob’s detector is switched on during
the time duration ∆. The total Hamiltonian of the system is
HARφ = HA + HR + HKG + H
Rφ
int
, (553)
where HA = ΩA
†A, HR = ΩR†R, and Ω is the energy gap
of the detectors. The interaction Hamiltonian H
Rφ
int
(t) between
Rob’s detector and the external scalar field is
H
Rφ
int
(t) = ǫ(t)
∫
Σt
d3x
√−gφ(x)[χ(x)R + χ(x)R†], (554)
where g ≡ det(gab), and gab is the Minkowski metric. More-
over,
χ(x) = (κ
√
2π)−3 exp(−x2/2κ2), (555)
is a Gaussian coupling function which vanishes outside a
small volume around the detector. This model describes
a point-like detector which only interacts with its neighbor
fields. The total initial state of detectors-field system has the
form
|ΨARφt0 〉 = |ΨAR〉 ⊗ |0M〉, (556)
where
|ΨAR〉 = sin θ|0A〉|1R〉 + cos θ|1A〉|0R〉, (557)
is the initial state of the detectors, and |0M〉 represents that
the external scalar field is in vacuum state from an inertial
perspective.
In weak coupling case, the final state |ΨRφ
t=t0+∆
〉 at time t0+∆
can be calculated by employing the first order of perturbation
over the coupling constant ǫ (Unruh and Wald, 1984). After
some calculations, one can find that the final state |ΨRφt 〉 at
time t = t0 + ∆ is
|ΨRφt 〉 = [I − i(φ( f )R + φ( f )†R†)]|ΨRφt0 〉, (558)
where
φ( f ) ≡
∫
d4x
√−gχ(x) f
= i[aRI(uE f ) − a†RI(uE f )],
(559)
is the operator of the external scalar field
(Landulfo and Matsas, 2009; Wald, 1994), and
f ≡ ǫ(t)e−iΩtχ(x) is a compact support complex function. In
addition, u is the positive frequency part from a solution of
the KG equation in the Rindler metric (Landulfo and Matsas,
2009; Wald, 1994), and E is the difference between the
advanced Green function and the retarded Green functions.
Landulfo and Matsas (2009) investigated how the telepor-
tation of a quantum channel is affected by the Unruh effect
when one of the entangled detector is accelerated for a finite
amount of proper time. They performed a detailed analysis of
how the acceleration of the detector and the Unruh effect on
the entangled qubit system. The mutual information and con-
currence between the two detectors are calculated and showed
that the latter has a sudden death at some fixed finite accelera-
tion. Similarly, the teleportation fidelity exhibits sudden death
behavior via the Unruh effect. The values of quantum entan-
glement and mutual information depend on the time interval
along which one of the detectors is accelerated.
Ce´leri et al. (2010) analyzed the dynamics of QD and clas-
sical correlation for a pair of Unruh-DeWitt detectors when
one of them is uniformly accelerated, and showed that the
discord-type quantum correlation is completely destroyed un-
der the influence of Unruh thermal bath when one detector is
in the limit of infinite acceleration, while the classical corre-
lation is nonzero for any acceleration. In particular, unlike the
quantum entanglement, the discord-type quantum correlations
exhibits sudden-change behavior at some certain acceleration
parameter. They also discussed how their results can be inter-
preted when one of the detector hovers near the event horizon
of a Schwarzschild black hole.
Ostapchuk et al. (2012) discussed the dynamics of quan-
tum entanglement between a pair of Unruh-DeWitt detectors,
one keeps inertial in the flat spacetime, and the other non-
uniformly accelerated in some specified way. Each of the
detectors coupled to the external scalar quantum field in an
indirectly way. The primary problem involving nonuniformly
accelerated detectors in an event horizon is absent and the Un-
ruh temperature cannot be well defined. By numerical calcu-
lation, they demonstrated that the quantum entanglement in
the weak-coupling limit like those of an oscillator in a bath of
time-depending “temperature” proportional to the proper ac-
celeration of the detector, with oscillatory modifications due
to non-adiabatic effects.
Different from the Unruh-DeWitt detector model, a local-
ized solution to the problem of entanglement degradation in
relativistic settings were performed by Doukas et al. (2013);
Dragan et al. (2013b). They prepared a two mode squeezed
state between two observers, the inertial Alice and the accel-
erated Rob. The initial state is
SˆAB|0〉M = exp[s(aˆ†bˆ† − aˆbˆ)]|0〉M, (560)
where the annihilation operators aˆ and bˆ are associated with
two localized and spatially separated scalar modes φA(x, t)
and φB(x, t), respectively. From the perspective of the acceler-
ated observer, the covariance matrix of the state has the form
(Dragan et al., 2013b)
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σ =1 + 2〈nˆ〉U

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
 + 2 sinh2 s

|α|2 0 0 0
0 |α|2 0 0
0 0 |β + β′⋆|2 2 Im(ββ′)
0 0 2 Im(ββ′) |β − β′⋆|2

+ sinh 2s

0 0 −Re[α(β + β′⋆)] −Im[α(β − β′⋆)]
0 0 −Im[α(β + β′⋆)] Re[α(β − β′⋆)]
−Re[α(β + β′⋆)] −Im[α(β + β′⋆)] 0 0
−Im[α(β − β′⋆)] Re[α(β − β′⋆)] 0 0
 ,
(561)
where
〈nˆ〉U =
∑
k
|(ψB,wIk)|2
e
2π|k|c2
a − 1
, wIk =
1√
4π|k|ce
i(kξ−|k|cτ), (562)
is the average number of Unruh particles seen by an acceler-
ated detector in the vacuum (Dragan et al., 2013a).
Dragan et al. (2013b) studied the amount of entanglement
by using the localized projective detection model and found
that the quantum correlations are able to extract from the ini-
tial state. It was found that the Unruh thermal noise plays only
a minor role in the degradation process of entanglement. The
dominant source of degradation is the mismatch between the
mode Rob observed in the squeezed state and the mode which
is detectable from the accelerated frame. In addition, leakage
of initial mode through the Rindler horizon places a limit on
Rob’s ability to fully measure the state, which leads to an in-
evitable loss of entanglement that even cannot be corrected by
changing the hardware design of the detectors.
Doukas et al. (2013) investigated the quantum entangle-
ment and discord extractable from a two mode squeezed state
as considered by two detectors, one inertial and the other ac-
celerated. They found that for large accelerations, the quan-
tum system using localized modes produces qualitatively dif-
ferent properties than that of Unruh modes. Specifically, the
quantum entanglement of the given quantum state undergoes
a sudden death for some finite acceleration while the discord
asymptotes to zero in the infinite acceleration limit.
Tian and Jing (2014) studied the dynamics of freely falling
and static two-level detectors interacting with quantized scalar
field in de Sitter spacetime. The atomic transition rates is
found to depend on both the parameter of de Sitter spacetime
and the motion of atoms. They found that the steady states for
both cases are always purely thermal states, regardless of the
initial states of the detectors. In addition, it was found that the
thermal baths will generate entanglement between the freely
falling atom and its auxiliary partner. They also calculated the
proper time for extinguishment of the entanglement between
the detectors.
Lin et al. (2015) studied quantum teleportation modeled by
Unruh-DeWitt detectors which initially coupled to a common
field. An unknown coherent state of the inertia detector is
teleported to the agent Rob with relativistic motion, using
a detector pair initially entangled and shared by these two
agents. The results showed that average fidelity of the tele-
portation always drops below the best fidelity value from clas-
sical teleportation before the detector pair becomes disentan-
gled. The distortion of the detectors’ state can suppress the
fidelity significantly even if the detectors are still strongly en-
tangled around the light cone. They pointed out that the dy-
namics of entanglement are not directly related to the fidelity
of quantum teleportation between the detectors observed in
Minkowski frame or in quasi-Rindler frame.
Menezes and Svaiter (2016) investigated the radiative pro-
cesses of entangled and accelerated atoms interacting with
an electromagnetic field prepared in the Minkowski vacuum.
They discussed the structure of the variation rate of the atomic
energy for two atoms moving in different world lines. The
contributions of vacuum fluctuations and radiation reaction
were identified to the generation of entanglement to the de-
cay of entangled states. The situation where two static atoms
are coupled independently to two spatially separated cavities
at different temperatures is resembled by the results. In ad-
dition, it was found that one of antisymmetric Bell state is a
decoherence-free state for equal accelerations.
Wang et al. (2016a) studied how the Unruh thermal noise
influences the quantum coherence and compared its behavior
with entanglement of the same system. They discussed the
frozen condition of coherence and find that the decoherence
of detectors’ quantum state is irreversible under the effect of
Unruh thermal bath without any boundary. Comparing with
entanglement which reduces to zero for a finite acceleration,
the coherence-type quantum correlation approaches zero only
in the limit of an infinite acceleration. They found that the
evolution of the detectors’ state after the interaction described
by the Hamiltonian (553) can also be represented by
ρARt =
∑
µν
MAµ ⊗ MRν |ΨAR〉〈ΨAR|(MAµ ⊗ MRν )†, (563)
where MAµ and M
R
µ are the Kraus operators. The Kraus opera-
tors act on Rob’s state are
MR1 =
( √
1 − q 0
0
√
1 − q
)
,MR2 =
(
0 0
v
√
q 0
)
,
MR3 =
(
0 v
0 0
)
.
(564)
Unlike MRµ , M
A
µ is an identity matrix because Alice’s detector
keeps static.
The dynamics of steering between two correlated Unruh-
Dewitt detectors when one detector interacts with external
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scalar field was studied in (Liu et al., 2018). The quantum
steering is found to be very fragile under the influence of Un-
ruh thermal noise. In addition, the quantum steering experi-
ence “sudden death” for some accelerations, which are quite
different from other quantum correlations in the same system.
F. Quantum correlations and the dynamical Casimir effect
Like the Unruh effect, dynamical Casimir effect is an
important prediction of QFT in relativistic setting (Moore,
1970). The dynamical Casimir effect predicts that rela-
tivistic motion of boundary conditions would generate pairs
of photons from vacuo. Such prediction has been experi-
mentally observed in a superconducting circuit architecture
(Wilson et al., 2011). The modulation of boundary condition,
theoretically created by a mirror at relativistic speeds, was
achieved by high-frequency modulation of the external mag-
netic flux threading a superconducting quantum interferomet-
ric device (Wilson et al., 2011). The experimental demonstra-
tion of the dynamical Casimir effect has triggered a renewed
interest in it and has paved the way for the analysis of the role
of Casimir radiation as a resource for quantum information
tasks (Sabı´n et al., 2015).
To understand the creation of photons from vacuum fluc-
tuations when the boundaries of the electromagnetic field are
modulated, one should quantize the field. In the 2011 experi-
mental observation of this phenomenon, the relativistic mov-
ing mirror was simulated by a superconducting quantum inter-
ferometric device interrupting a superconducting transmission
line (Wilson et al., 2011). The electromagnetic field confined
in the transmission line can be described by a flux operator
Φ(x, t), which obeys the KG equation. The solution of the KG
equation in the plane-waves basis is (Johansson et al., 2009,
2013):
Φ(x, t) =
√
~Z0
4π
∫
dω√
ω
(aˆ(ω)ei(−ωt+kx) + bˆ(ω)ei(−ωt−kx)),
(565)
where k = ω/v, and v is the speed of light in the transmis-
sion line, Z0 =
√
L0/C0 is the characteristic impedance. In
Eq. (565), a(ω) is the annihilation operator of photons that
moves into the mirror and b(ω) denotes the annihilation oper-
ator of the photons moving away from the mirror. For suffi-
ciently large superconducting quantum interferometric device
plasma frequency (Johansson et al., 2009), the charging en-
ergy is small compared with the Josephson energy EJ(t) =
EJ[Φ(x, t)]. Therefore, the superconducting quantum interfer-
ometric device can provide a boundary condition to the flux
field which is analogous to the boundary condition produced
by a relativistic moving mirror. That is,
(2π)2
φ2
0
Φ(0, t) +
1
L0
∂Φ(x, t)
∂x
∣∣∣∣∣
x=0
= 0, (566)
where L0 is the characteristic inductance per unit length, and
the additional term associated with the capacitance is ne-
glected, Φ0 = h/2e is the magnetic flux quantum. Inserting
Eq. (565) into the boundary condition Eq. (566), one obtain∫ ω
0
dω√
ω
ik
LJ(t)
L0
(bˆ(ω) − aˆ(ω))e−iωt
=
∫ ω
0
dω√
ω
(aˆ(ω) + bˆ(ω))e−iωt,
(567)
where LJ(t) =
φ2
0
/(2π)2
EJ (t)
is the tunable Josephson inductance.
Then the pair creation of photons in dynamical Casimir ef-
fect can be calculated using scattering theory which describes
how the time-dependent boundary condition mixes the in-
put and output modes. By employing the methods discussed
in (Johansson et al., 2009, 2013), we obtain the Bogoliubov
transformation between the incoming and outgoing modes,
which relates the input and output vacuum state.
Felicetti et al. (2015) discussed how the ultrafast modula-
tion of the qubit-field coupling strength between a supercon-
ducting qubit and a single mode of a superconducting res-
onator mimics the motion of the qubit at relativistic speeds.
When the qubit follows an effective oscillatory motion, they
find two different regimes. The system is found to experience
unbounded photon generation or resemble the anti-JC dynam-
ics, which depends on the oscillation frequency. Moreover,
by combining the performed technique with the dynamical
Casimir physics, the toolbox for studying relativistic phenom-
ena with superconducting circuits can be enhanced.
Friis et al. (2013a) analyzed the effect of relativistic motion
on the fidelity of continuous variable protocol for quantum
teleportation and proposed a state-of-the-art technology ex-
periment to test their results. They computed the bounds for
the fidelity of teleportation when one of the observers moves
with nonuniform acceleration for a finite time, which is de-
graded due to the observer’s motion. The effects of time evo-
lution can be removed by applying time dependent local op-
erations and the effects of acceleration on the fidelity can be
isolated in this way. In addition, the origin of the fidelity loss
of the quantum teleportation has the same physical regime for
particle generation due to motion-underlying the Unruh (or
Hawking) radiation or the dynamical Casimir effect.
Alhambra et al. (2014) studied the Casimir-Polder forces
experienced by atoms or molecules in optical cavities. They
model the quantum systems as qubits, and the electromagnetic
field components are modeled as scalar fields with Dirichlet or
Neumann boundary conditions. The light-matter interaction
model is used to compute the Casimir and Casimir-Polder ef-
fects. They found that the diamagnetic term can qualitatively
change the Casimir-type forces, or in other words, it can turn
a repulsive force into an attractive force and vice versa. To
be specific, when this term is present, the atoms are attracted
to plates with Dirichlet boundary conditions, while the plate-
atom forces are repulsive without this term. They also con-
sidered the Neumann boundary condition for the atom with
or without diamagnetic coupling term in a cavity, where the
forces are found to have opposite sign to that of the Dirichlet
cavity. In addition, the microscopic-macroscopic transition
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was studied in this system, and the results showed that the
atoms start to affect the Casimir force similarly to a dielectric
medium for increasing number of atoms in the cavity.
Marino et al. (2014) studied the thermal and nonthermal
signatures of the Unruh effect in Casimir-Polder forces. They
found that the Casimir-Polder forces between two uniformly
accelerated atoms exhibit a transition from the short distance
thermal-like behavior to a long distance nonthermal behav-
ior. The former is predicted by the Unruh effect and the lat-
ter is associated with the breakdown of local inertial descrip-
tions of the system. This effect extends the Unruh thermal
response detected by an accelerated observer to the spatially
extended system of two particles. They identified the charac-
teristic length scale with the acceleration of the two atoms for
this crossover. Their results were derived separating at fourth
order in perturbation theory and radiation reaction field to the
Casimir-Polder interaction between a pair of atoms separated
by a constant distance and linearly coupled to a scalar field.
Sabı´n and Adesso (2015) investigated the generation of the
Einstein-Podolsky-Rosen steering and Gaussian interferomet-
ric power under the influence of the dynamical Casimir ef-
fect. They computed the quantum steering and the interfer-
ometric power generated in the superconducting waveguide
interrupted by the superconducting quantum interferometric
device. It has been shown that, similar with entanglement and
QD (Sabı´n et al., 2015), the value of the experimental driving
amplitude and velocity should be higher than a critical value
to overcome the initial thermal noise and to create quantum
steering. Conversely, the interferometric power is nonzero for
any experimental value of the amplitude and velocity and in-
creases with the increasing average number of thermal pho-
tons. In other words, any nonzero squeezing produces inter-
ferometric power, while a certain value of squeezing is re-
quired to generate quantum steering.
Samos-Sa´enz de Buruaga and Sabı´n (2017) studied how
the dynamical Casimir effect influences the behavior of quan-
tum coherence for Gaussian states in continuous variables.
They found that quantum coherence is significantly different
from zero for any value of the external pump amplitude for
the realistic experimental parameters. This means that the
Casimir radiation creates quantum coherence for any value
of the pump amplitude. In addition, quantum coherence is
always greater than QD and entanglement and exhibits a re-
markable robustness again thermal noise. They believe that
quantum coherence is a more suitable figure of merit of the
quantum character for the dynamical Casimir effect since the
experimental requirements for obtaining a dynamical Casimir
effect state with finite coherence are less than that of entangle-
ment or QD.
IX. CONCLUSIONS
Quantum coherence and quantum correlations are funda-
mental notions of quantum theory. Although the former was
defined with respect to a single system, while the latter were
for bi- and multipartite systems, they are intimately related to,
and can be transformed into each other through an operational
way. When considering their characterization and quantifica-
tion, there are many different methods apply to different situ-
ations. They can also be quantified in a similar manner, e.g.,
by using the (pseudo) geometric distance of two states. This
unified framework provides the possibility for understanding
the intrinsic connections between these two basic notions.
We concentrated in this work the recent progresses on the
above two notions, mainly those discussed from the resource
theoretic perspective. After a short introduction, we reviewed
in Secs. II and III the various quantifiers of geometric quan-
tum correlations and quantum coherence, which include their
definitions and calculations, and some quantitative relations
between these measures. As these measures are defined by an
optimal (minimum or maximum) distance between the con-
sidered state and the set of states without the quantum prop-
erty one want to characterizes, they can be categorized as the
geometric characterization of quantumness.
Building upon the above basic notions, we reviewed in Sec.
IV the interpretations of the resource theory of quantum co-
herence. These include the inter-conversions between coher-
ence and quantum correlations such as entanglement and QD
established in an operational way, their role on signifying the
wave nature of quantum particle, and the various complemen-
tarity relations. This section also covers a review of the distil-
lation and formation of quantum coherence for which different
free operations and communication schemes are used.
In Sec. V, we summarized the recent investigations of typ-
ical quantum algorithms from the perspective of quantum co-
herence, which include the protocol of quantum state merging,
the Deutsch-Jozsa algorithm, the Grover search algorithm, the
DQC1 algorithm, and quantummetrology such as the PD task.
All these show that the various quantitative measure of coher-
ence can provide new viewpoints on the origin of superiority
of quantum information processing tasks.
In Sec. VI, we reviewed the recent progresses on control of
quantum correlations and quantum coherence in noisy chan-
nels. We first showed that the various quantum correlation and
quantum coherence may be frozen for special forms of ini-
tial states, and there is universal freezing phenomenon for the
distance-based measure of them. We also showed local and
nonlocal creation of quantum correlation and quantum coher-
ence, the cohering power of quantum channels, as well as the
evolution equation and preservation of quantumness.
In Sec. VII, we showed some applications of quantum co-
herence in the related subjects of condensed matter physics.
As explicit examples, we summarized role of quantum coher-
ence on studying the long-range order, VBS state, and quan-
tum phase transitions of the many-body systems. These reveal
from one side the potential of characterizing quantum coher-
ence from a quantification perspective.
Finally, we showed in Sec. VIII some progresses for the
study of quantum correlations and quantum coherence in rel-
ativistic settings. These involve their behaviors for the free
field modes with and beyond single-mode approximation, for
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curved spacetime and expanding universe, for noninertial cav-
ity modes, as well as quantum correlations for particle de-
tectors and the dynamical Casimir effects on these correla-
tions. The dynamics of quantum correlations and quantum co-
herence under the influence of Unruh temperature, Hawking
temperature, expansion rate of the universe, accelerated mo-
tion of cavities and detectors, and boundary conditions of the
field, have been reviewed. The advantage and disadvantage
of free modes and local modes for the implement of quantum
information processing tasks in noninertial frames and curved
spacetime are also discussed.
Despite the main progresses summarized above which are
of broad interest, there are still many challenging problems
need to be solved in the future. We think, some of the valuable
research directions may be of the following.
The characterization and quantification of quantum coher-
ence under extended family of free operations. Up to now,
most of the proposed coherence measures were based on the
axiomatic postulates of Baumgratz et al. (2014), where some
of them may be extended in different circumstances. There
may exist other coherence measures which are both mathe-
matically rigorous and physically significant, e.g., those un-
der incoherence preserving operations, translationally invari-
ant operations, SIO, and GIO. Moreover, if the postulates (C1-
C3) of Baumgratz et al. (2014) are somewhat released, other
measures of quantum coherence that are physically relevant
may exist. The physical meanings of those coherence mea-
sures are worth exploring. We believe that the searching pro-
cess for various coherence quantifications will deepen our un-
derstanding of quantum theory, and new findings can also be
expected.
The intrinsic connections between quantum coherence and
quantum correlations may be another topic needs to be fur-
ther considered. Although for relative entropy of coherence,
there are some progresses being achieved in the past two years
along this line, for most of the other measures the interconver-
sion between coherence and quantum correlations still remain
to be exploited. In particular, while the role of quantum corre-
lations (entanglement, discord, etc.) in explicit quantum com-
munication and computation tasks have been proved, the role
of quantum coherence seems not to be so convinced. The in-
vestigation of their relations and their interconversion can thus
provide interpretations of quantum coherence from a practical
perspective. Moreover, the quantum coherence measures are
questioned as they are basis dependent, the establishments of
their connections with the basis-independent quantum corre-
lation measures are therefore also significant from a theoretic
point of view.
When considering a real physical system, the detrimental
effects of environments are unavoidable. Though the related
decoherence process have been analyzed extensively via de-
cay of various quantum correlation measures, the quantum co-
herence measures defined in a rigorous framework provide in
a real sense the tool for a quantitative analysis of the decoher-
ence process. Moreover, the robustness of quantum correla-
tions and quantum coherence against the detrimental effects
of environment are also different. In general, the former are
more fragile under environment coupling than the latter. But
if the two can be converted into each other efficiently, one can
store the quantum correlation of a bi- or multipartite system by
converting it to coherence of a single system, and then convert
it back into quantum correlations when being used.
As a resource theory of quantum coherence, what is really
the resource aspect of them are in fact seldom considered. As
far as we know, the coherence measures have already been re-
lated to quantum protocols such as state merging and quantum
state discrimination, but we think these are by no means the
only two roles they will be played in explicit quantum tasks.
Further research, some of the ideas can be borrowed from the
study of quantum correlations, may help to reveal their poten-
tial role as a physical resource. Moreover, the applications of
these coherence measures in other subjects of physics, e.g.,
whether they can serve as useful order parameters for exploit-
ing novel properties of many-body systems, may be nontrivial
topics of future research.
Just as those exciting findings of this field in the past few
years, the solve of the (no limited to) above problems, in our
opinion, will continue to impact the development of basic fun-
damental quantum theory and the implementation of various
new quantum technologies which strongly depend on quan-
tum correlations and quantum coherence.
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